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Abstract 



In this thesis, we report on different aspects of integrabihty in supersymmetric gauge theories. 
Our main tool of investigation is supertwistor geometry. In the first chapter, we briefly review 
the basics of twistor geometry. Afterwards, we discuss self-dual super Yang-Mills (SYM) theory 
and some of its relatives. In particular, a detailed twistor description of self-dual SYM theory 
is presented. Furthermore, we introduce certain self-dual models which are, in fact, obtainable 
from self-dual SYM theory by a suitable reduction. Some of them can be interpreted within the 
context of topological field theories. To provide a twistor description of these models, we pro- 
pose weighted projective superspaces as twistor spaces. These spaces turn out to be Calabi-Yau 
super manifolds. Therefore, it is possible to write down appropriate action principles, as well. In 
chapter three, we then deal with the twistor formulation of a certain supersymmetric Bogomolny 
model in three space-time dimensions. The nonsupersymmetric version of this model describes 
static Yang-Mills-Higgs monopoles in the Prasad-Sommerfield limit. In particular, we consider a 
supersymmetric extension of mini-twistor space. This space is in turn a part of a certain double 
fibration. It is then possible to formulate a Chern-Simons type theory on the correspondence 
space of this fibration. As we explain, this theory describes partially holomorphic vector bundles. 
It should be noticed that the correspondence space can be equipped with a Cauchy-Riemann 
structure. Moreover, we formulate holomorphic BF theory on mini-supertwistor space. We then 
prove that the moduli spaces of all three theories are bijective. In addition, complex struc- 
ture deformations on mini-supertwistor space are investigated eventually resulting in a twistor 
correspondence involving a supersymmetric Bogomolny model with massive fields. In chapter 
four, we review the twistor formulation of non-self-dual SYM theories. The remaining chapter is 
devoted to a more detailed investigation of (classical) integrabihty of self-dual SYM theories. In 
particular, we explain the twistor construction of infinite-dimensional algebras of hidden sym- 
metries. Our discussion is exemplified by deriving affine extensions of internal and space-time 
symmetries. Furthermore, we construct self-dual SYM hierarchies and their truncated versions. 
These hierarchies describe an infinite number of flows on the respective solution space. The low- 
est level flows are space-time translations. The existence of such hierarchies allows us to embed 
a given solution to the equations of motion of self-dual SYM theory into an infinite-parameter 
family of new solutions. The dependence of the self-dual SYM fields on the additional moduli 
can be recovered by solving the equations of the hierarchy. We in addition derive infinitely many 
nonlocal conservation laws. 
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TWISTOR GEOMETRY 

In 1967, Penrose [189] introduced the foundations of twistor geometry. The corner stone 
of twistor geometry is the substitution of space-time as background for physical pro- 
cesses by some new background manifold - called twistor space, and furthermore the 
reinterpretation of physical theories on this new space. As originally proposed, twistor 
space, or rather the projectivization thereof, which is associated with complexified four- 
dimensional Minkowski space, is the complex projective space (CP^. Geometrically, this 
space parametrizes all isotropic two-planes in complexified Minkowski space. Upon this 
correspondence, it is possible to reinterpret solutions to zero rest mass free field equations 
on Minkowski space in terms of certain cohomology groups on twistor space [189]-[192]. 
For instance, if U is some open subset in complexified Minkowski space and if Z±h denotes 
the sheaf of solutions to the helicity ±h zero rest mass field equations, then there is an 
isomorphism between the two cohomology groups H^{U', (9[//(=f2/i — 2)) and H^{U, Z±h), 
where U' is an appropriate region on twistor space related to U. Here, Ou'il^^h — 2) is 
the sheaf of sections of a certain holomorphic line bundle (over U') having first Chern 
class =f2/i — 2. The map between representatives of these cohomology groups has been 
termed Penrose transform. Putting it differently, any solution to zero rest mass free field 
equations can be represented by certain holomorphic "functions" on twistor space, which 
are "free" of differential constraints. For a detailed discussion of this correspondence in 
terms of Cech cohomology, we refer the reader to [89]. Let us mention in passing that, 
as was shown by Eastwood in [90], it is also possible to generalize this description to the 
case of massive free fields. 

Besides giving insights into the geometric nature of solutions to linear field equa- 
tions, the ideas of twistor geometry turned out to be extremely powerful for studying 
various nonlinear classical field equations. Twistor methods have successfully been ap- 
plied to subclasses of the Einstein's equations of General Relativity and of the (super) 
Yang-Mills equations, to name just the most prominent ones. Indeed, it is possible 
to associate with any self-dual oriented Riemannian four-dimensional manifold X, that 
is, a manifold with self-dual Weyl tensor, a complex three-dimensional twistor space 
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[193, 20]. All the information about the conformal structure of X is encoded in the com- 
plex structure of this "curved" twistor space. Some additional data then allows for the 
construction of self-dual metrics and conformal structures on X. Among such metrics, 
there are interesting subclasses as, e.g., self-dual Einstein metrics, Kahler metrics with 
vanishing scalar curvature and Ricci-flat self-dual metrics. For constructions, see Refs. 
[252, 242, 253, 195, 114, 115, 129, 116, 267, 96, 144, 243, 117, 172, 147], for instance. 
Furthermore, the question when such a twistor space is in addition Kahler was answered 
by Hitchin [112]. He showed that given a compact oriented self-dual Riemannian four- 
dimensional manifold X, the corresponding twistor space admits a Kahler structure if 
and only if X is conformally equivalent to either S*^ or CP^. Besides questions related 
to Einstein's equations, twistor theory has given striking advances in our understanding 
of the properties of gauge theories. In an important paper [251], Ward has proven a one- 
to-one correspondence between gauge equivalence classes of self-dual Yang-Mills fields on 
complexified four-dimensional space-time and equivalence classes of holomorphic vector 
bundles over twistor space which obey certain triviality conditions. Upon imposing ad- 
ditional conditions on the bundles over twistor space, one may also reduce the structure 
group of the bundles on space-time to some real form of the general linear group and in 
addition, the discussion to, for instance, an Euclidean setting. Furthermore, replacing 
twistor space by ambitwistor space - the space of complex light rays (null lines) in com- 
plexified four- dimensional Minkowski space - one can discuss general Yang-Mills fields, 
as well. In fact, Isenberg et al. [124] and Witten [262] showed that it is possible to 
represent gauge equivalence classes of solutions to the full Yang-Mills equations in terms 
of equivalence classes of certain holomorphic vector bundles on formal neighborhoods of 
ambitwistor space. Khenkin et al. [133] discussed a generalization thereof by giving an 
interpretation in terms of certain cohomology groups. A detailed discussion of the co- 
homology interpretation of solutions to the full Yang-Mills equations can be found in 
[63, 201]. Of course, the discussion can also be reduced to real Yang-Mills fields and 
to, e.g., Minkowski space-time. A map between gauge equivalence classes of solutions to 
Yang-Mills equations on some space-time and equivalence classes of holomorphic vector 
bundles over a twistor space associated with the space-time under consideration is called 
a Penrose- Ward transform [171]. 

Furthermore, in this respect it is also worth mentioning that, by considering the space 
of all complex null geodesies of some general four-dimensional complex space-time, one 
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can generalize ambitwistor space to a curved setting. As was shown by LeBrun [142], 
this "curved" ambitwistor space is a five-dimensional complex manifold. Moreover, this 
construction then forms the basis for a twistorial description of four-dimensional conformal 
gravity [25, 145]. 

Besides Penrose- Ward transforms involving the already mentioned twistor and am- 
bitwistor spaces, one may establish such correspondences on quite generic ground. This 
was considered, e.g., by Eastwood [91]. In fact, suppose we are given three complex man- 
ifolds X, Y and Z, where Y is simultaneously fibered over X and Z, that is, we consider 
a double fibration of the form 

Y 

TTi/ \7r2 

Z X 

together with two suitable holomorphic projections 7ri^2- Here and in the following, we 
shall refer to X as space-time, to Y as correspondence space and to Z as twistor space, 
respectively. Clearly, such a double fibration induces a correspondence between X and Z, 
that is, there is a relation between points and subsets in either manifold. In particular, 
a point X G X gives a submanifold 7ri(7r2"^(x)) ^ Z, and conversely a point in twistor 
space, z G Z, yields a submanifold it2{tti'^ (z)) embedded into space-time X. In addition, 
this correspondence can be used to transfer data given on Z to data on X and vice versa. 
Indeed, given some analytic object, Ohz, on twistor space (e.g., certain cohomology classes 
or holomorphic vector bundles), one may relate it to some object Obx on space-time. The 
latter will be constrained by certain partial differential equations since by definition, the 
pull-back nlOhz must be constant along the fibers of tti : Y ^ Z. Under suitable 
topological conditions, the maps 

Ohz ^ Obx and Obx ^-^ Ohz 

define a bijection between equivalence classes [Ob^] and [Obx] (in general, the objects 
under consideration will only be defined up to equivalence). The correspondence thus 
established gives a way of studying objects on space-time obeying differential equations 
in terms of objects on twistor space which are "free" of such differential constraints. As 
before, we shall refer to such a map as Penrose- Ward transform. 

Suppose now that the objects in question are holomorphic vector bundles. If we let 
f2^^(y) := (Y) / ttIQ^ (Z) be the sheaf of relative differential one-forms on the corre- 
spondence space, i.e., the dual of the vertical tangent vectors spanning the tangent spaces 
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of TTi : y ^ Z, we have the following theorem [91]: 

Theorem. Suppose the fibers of ni : Y ^ Z are simply connected and 7ri(7r^^(a;)) ^ Z 
is compact and connected for all x E X. If in addition Q}-{X) = 7r2*f2^^(y), then there 
is a one-to-one correspondence between equivalence classes of holomorphic vector bundles 
E ^ Z being holomorphically trivial on any 7ri(7r2'^(x)) Z, equivalence classes of 
holomorphic vector bundles on Y equipped with flat relative connection and equivalence 
classes of holomorphic vector bundles E' ^ X equipped with a connection fiat on each 
M'^i^z)) ^ X for z e Z . 

In particular, if Z is twistor space then 7ri(7r^^(x)) = CP^ and the submanifolds 712(7? 
represent isotropic two-planes in complexified Minkowski space. In case of ambitwistor 
space, one has 7ri(7r^"'^(x)) = (CP^ x CP^)x and 712(71^ "^(z)) are complex light rays. To 
jump ahead of our story a bit, such double fibrations and correspondences between vector 
bundles will play the basis of all the discussion presented in this thesis. 

The twistor approach to field theories also provides a suitable framework for study- 
ing certain supersymmetric field theories. One simply needs to replace the manifolds 
appearing in double fibrations like the one discussed above, by so-called supermanifolds. 
Originally, the concept of supermanifolds goes back to the work by Berezin, Kostant and 
Leites [44, 137, 156]. The idea is basically to define a supermanifold as a particular ringed 
space (X, Ox), that is, a topological space X together with a sheaf of supercommutative 
rings Ox (the structure sheaf) obeying certain local properties. A thorough description 
of supermanifolds, as proposed by the above authors, has been developed by Manin [166]. 
In our subsequent discussion, we shall adopt this approach to supermanifolds. Let us 
also mention that there are alternative ways to introduce supermanifolds. For instance, a 
different one has been given by DeWitt [77].^ It is based on the concept of supernumbers 
which are elements of a certain Grafimann algebra. We refer also to the book by Bar- 
tocci et al. [24] (and references therein), where all existing approaches are described and 
compared among each other. 

As indicated above, the twistor approach facilitates the studies of supersymmetric 
field theories. For instance, by combining the ideas of formal neighborhoods with those 
of supermanifolds, Witten has shown [262] that it is possible to recover the full A/" = 3 
super Yang-Mills theory in four dimensions by discussing holomorphic vector bundles 



^There is another, third approach due to Rogers [217]. 
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over a certain superambitwistor space, which we shall denote by L^'^. In fact, L^'^ is 
the space of super light rays C^'^ in complexified J\f = 3 Minkowski superspace C^'^^. 
Furthermore, it can be viewed as a certain degree two hypersurface in the direct product 
([^p3|3 ^ cpsis^ ^Yiis respect, it is also important to stress that the J\f = 3 and A/" = 4 
theories are physically equivalent. The only thing appearing to be different is that the 
A/" = 3 formulation makes only the U{1) x SU{3) subgroup of the R-symmetry group 
SU{4) manifest. In this sense, Witten's approach can be understood as a twistorial 
formulation of A/" = 4 super Yang-Mills theory. Furthermore, Manin [166] generalized 
Witten's discussion to theories with less supersymmetry. In particular, he established a 
Penrose- Ward transform between solutions to the A/'-extended super Yang-Mills equations 
and holomorphic vector bundles over A/'-extended superambitwistor space - the space 
parametrizing super light rays C^'^-^ in C^'^ - which admit an extension to a (3 — A/')-th 
formal neighborhood in superambitwistor space. 

The twistor string 

Within the last three years, the twistorial studies of supersymmetric field theories 
received a somewhat unexpected renaissance due to string theory. In 2003, Witten [266] 
proposed a string theory whose target manifold is the supertwistor space CP'^'^. His idea 
is based on three facts: i) holomorphic vector bundles over twistor space and similarly over 
supertwistor space are related to gauge and, respectively, super gauge theories on four- 
dimensional space-time, ii) supertwistor space CP^'^ is a Calabi-Yau supermanifold, that 
is, its first Chern class vanishes and in addition it admits a Ricci-fiat metric and iii) the 
existence of a string theory - the open topological B model - whose space-time effective 
action is holomorphic Chern-Simons theory [264]. More specifically, Witten showed that 
the open topological B model on supertwistor space <CP'^\^ with a stack of r D5-branes^ is 
equivalent to holomorphic Chern-Simons theory on the same space. This theory describes 
holomorphic structures on a rank r complex vector bundle £ over CP3|4 which are given 
by the (0,1) part A^'^ of a connection one-form A on S. The components of A^'^ appear 
as the excitations of open strings ending on the D5-branes. Furthermore, the spectrum of 
physical states contained in A^'^ is the same as that of A/" = 4 super Yang-Mills theory, but 
the interactions of both theories differ. In fact, by analyzing the linearized [266] and the 

^These D5-branes are not quite space-filling and defined by the condition that all open string vertex 
operators do not depend on antiholomorphic GraBmann coordinates on CP"^'^. 
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full [207] field equations, it was shown that holomorphic Chern-Simons theory on CP^'^ 
is equivalent to A/" = 4 self-dual super Yang- Mills theory in four dimensions as introduced 
by Siegel [232]. Note that this theory can be considered as a truncation of the full A/" = 4 
super Yang-Mills theory. 

It was conjectured by Witten that perturbative amplitudes of full A/" = 4 super Yang- 
Mills theory are recovered by including into the B model so-called D-instantons which 
wrap certain holomorphic curves in supertwistor space. The presence of these Dl-branes 
leads to additional fermionic states from the strings stretching between the D5- and Dl- 
branes. Scattering amplitudes are then computed in terms of currents constructed from 
these additional fields, which localize on the Dl-branes, by integrating certain correlation 
functions over the moduli space of these Dl-branes in CP'^'^. This proposal generalizes 
an earlier construction of maximally helicity- violating amplitudes by Nair [185]. Thus, 
by incorporating Dl-branes into the topological B model, one can complement A/" = 4 
self-dual super Yang-Mills theory to the full theory. However, soon after this proposal it 
was realized that this construction works only at tree-level, as already at one-loop level 
amplitudes of super Yang-Mills theory mix with those of conformal supergravity [49]. 
Recently, Boels et al. [57] proposed a twistor approach to A/" = 4 super Yang-Mills theory 
which reproduces perturbative Yang-Mills theory without conformal supergravity.^ For 
related papers regarding twistor actions, see also Refs. [173, 174]. After all, twistor string 
theory resulted in striking advances in computing gauge theory scattering amplitudes 
- even beyond tree-level, as powerful methods inspired by the twistor string have been 
developed; see, e.g., Ref. [65, 272] for reviews and also [159] for more references. 

In addition to twistor string theory on supertwistor space, Witten [266] also mentioned 
the possibility of formulating a twistor string theory, i.e., the open topological B model 
on the superambitwistor space which is associated with A/" = 3 complexified Minkowski 
superspace. Within such a formulation, no D-instantons would be needed as already at 
classical level, holomorphic Chern-Simons theory on superambitwistor space gives the full 
A/" = 3 (respectively. A/" = 4) super Yang-Mills theory in four dimensions [262] . Therefore, 
the mechanism for reproducing perturbative super Yang-Mills theory would be completely 
different compared to the supertwistor space approach. However, even though this partic- 
ular superambitwistor space is a Calabi-Yau supermanifold, it is not entirely clear how to 



■^In [6] , a family of twistor string theories has been constructed yielding Einstein supergravity coupled 
to super Yang-Mills theory on space-time. 
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formulate the B model on it. This is basically because of the difficulty in making sense of 
an appropriate measure on this space. Only recently, some progress in this direction has 
been made by Mason et al. [174]. Therein, the authors formulated a Chern-Simons type 
theory (whose interpretation on four- dimensional space-time is super Yang-Mills theory) 
on a certain codimension 2|0 Cauchy-Riemann submanifold in superambitwistor space. 
Their description is based on Euclidean signature (instead of Minkowski signature) but 
as far as perturbation theory is concerned, this would not be of importance. 

Since Witten's proposal, a variety of questions associated with supertwistor theory 
and twistor string theory has been investigated. For instance, an interesting property 
of Calabi-Yau supermanifolds is that Yau's theorem does not apply, that is, a Kahler 
supermanifold with vanishing first Chern class does not automatically admit a Ricci- 
fiat metric. This fact was already observed by Sethi [229] and after Witten's paper 
explored in more detail by the authors of [215, 274, 216, 222, 157]. Another direction 
triggered by twistor string theory is the discussion of mirror symmetry between Calabi- 
Yau supermanifolds. For instance, it has been argued that for a certain limit of the 
Kahler moduli, supertwistor space CP^''' and superambitwistor space L^'^ CP'^'^ x 
([^p3|3 mirror manifolds [186, 7]. For further surveys on this material, we refer to 
[140, 8, 34, 199, 214, 141]. Furthermore, various other target spaces for twistor string 
theory have been discussed by the authors of [208, 222, 188, 103, 73, 223, 74, 210, 155] 
leading to, e.g., certain dimensional reductions of self-dual super Yang- Mills and full 
super Yang-Mills theories. Moreover, alternative formulations of twistor string theories 
have been proposed in Refs. [47, 48, 234, 154, 22]. In addition, issues related to gravity 
were investigated, as well. See, e.g., [102, 9, 10, 28, 56, 2, 5, 6]. For other aspects, see 
also Refs. [1, 235, 139, 227, 225, 228]. 

Integrability 

Besides twistor string theory. A/" = 4 super Yang-Mills theory appears to be connected 
with another string theory. Approximately ten years ago, a correspondence - nowadays 
known as AdS/CFT correspondence - was discovered. Maldacena conjectured an equiva- 
lence between A/" = 4 super Yang-Mills theory in four dimensions and type IIB superstring 
theory on the curved background AdSs x [164, 106, 265]. Besides matching of global 
symmetries, this conjecture claims full dynamical agreement of both theories. For in- 
stance, one of the statements is that the spectrum of the scaling dimensions of the gauge 
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theory should coincide witli the energy spectrum of the string states. However, due to 
the weak-strong nature of this correspondence, that is, the weak coupling regime of either 
theory gets mapped to the strong coupling regime of the other, it is extremely difficult 
to test or rather prove this conjecture. Therefore, one is searching for appropriate tools 
which may help to clarify this relation on general grounds. 

One such tool which emerged in recent years is integrability. As already indicated, 
J\f = A super Yang-Mills theory appears to be integrable at classical level in the sense of 
admitting a certain twistor formulation (thus yielding a Lax pair formulation). Quantum 
integrable structures in A/" = 4 super Yang-Mills theory have first been discovered by Mi- 
nahan et al. [182] being inspired by the work of Berenstein et al. [42].^ They found that 
the planar dilatation operator, which measures the planar scaling dimension of local oper- 
ators, in a certain sector of the theory can be interpreted at one-loop level as Hamiltonian 
of an integrable quantum spin chain. Based on this observation, it has then been shown 
that it is indeed possible to interpret the complete one-loop dilatation operator as Hamil- 
tonian of an integrable quantum spin chain; see, e.g., [30, 38] and references therein. For 
discussions beyond leading order, see also [29, 39, 236, 32, 175, 197, 43, 33, 275, 99, 93, 40]. 
Another development pointing towards integrable structures was initiated by Bena et al. 
[41]. Their investigation is based on the observation that the Green-Schwarz formulation 
of the superstring on AdSs x 5*^ can be interpreted as a coset theory, where the fields take 
values in the supercoset space 

P5f/(2,2|4)/(50(4,1) X S0{5)) 

[181, 132, 218]. Although this is not a symmetric space (the denominator group is too 
small) [165], this coset theory admits an infinite set of conserved nonlocal charges, quite 
similar to those that exist in two-dimensional field theories.^ For the construction of 
nonlocal conserved charges in two-dimensional sigma models, we refer to [161, 162]. Such 
charges are in turn related to Kac-Moody algebras [80, 82, 230] and generate Yangian 
algebras [78, 79] as has been discussed, e.g., in [51]. For reviews of Yangian algebras 
see Refs. [52, 163]. Some time later, the construction of an analogous set of nonlocal 
conserved charges using the pure spinor formulation of the superstring [45, 46, 246] on 
AdSs X was given in [247]. For further developments, we refer the reader to Refs. 

^For an ealier account of integrable structures in QCD, see, e.g., Refs. [158, 94, 35, 61, 36, 37]. 
^ These charges were also independently found by Polyakov [200]. 
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[11, 18, 119, 19, 110, 50, 238, 31, 12, 273, 72, 97, 98, 13, 167, 131, 111, 219, 55], for 
example.^ Clearly, the question that arises of what could be the charges in super Yang- 
Mills theory. Within the spin chain approach, Dolan et al. [83, 84, 85] related these 
nonlocal charges for the superstring to a corresponding set of nonlocal charges in the 
superconformal gauge theory in the extreme weak coupling limit (see also [17, 15, 183, 16]). 

Outline and main results 

This thesis is devoted to studying different questions related to supersymmetric gauge 
theories. The main tool we shall be using is twistor theory. 

In the first chapter, we begin by reviewing some of the basic aspects and properties 
of twistor spaces which correspond to fiat space-times. No prior knowledge of twistor 
geometry is assumed. The unifying framework for our discussion is complex flag mani- 
folds, which are natural generalizations of complex projective spaces. Furthermore, after 
having presented the concepts of supermanifolds, supervector bundles, etc., we explain 
the extension of twistor geometry to supertwistor geometry. As otherwise it would carry 
us too far afield from the main thread of development, we present the material only to 
that extent which is of need in later applications. For detailed expositions on the subject, 
we refer to the books [121, 166, 171, 196, 259]. 

In the second chapter, we give a first application by discussing self-dual super Yang- 
Mills theory and some related self-dual models. In particular, we start by describing 
the equivalence of the Cech and Dolbeault approaches to holomorphic vector bundles 
over supermanifolds. This lies somehow in the heart of the twistor approach to gauge 
theories. After that, we give a detailed explanation of the Penrose- Ward transform for 
A/'-extended self-dual super Yang-Mills theory including appropriate superfield expan- 
sions, etc. By replacing supertwistor space by certain weighted projective superspaces, 
we develop Penrose- Ward transforms for truncations of self-dual super Yang-Mills theo- 
ries. As the spaces under consideration will always be Calabi-Yau supermanifolds, we are 
also able to write down appropriate action principles. The discussion of the second part 
of this chapter is based on the work done together with Alexander Popov [208]. 

The third chapter is devoted to the twistor construction of certain supersymmetric 
Bogomolny models in three space-time dimensions. In [73], it was shown that scatter- 
ing amplitudes of A/" = 4 super Yang-Mills theory which are localized on holomorphic 

^See also Rcfs. [100, 60, 136, 237]. 
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curves in supertwistor space can be reduced to amplitudes of A/" = 8 super Yang-Mills 
theory in three dimensions which are localized on holomorphic curves in a supersymmet- 
ric extension of mini-twistor space. Note that the simplest of such curves in mini-twistor 
space is the Riemann sphere which coincides with the spectral curve of the BPS SU{2) 
monopole. Note also that every static SU (2) monopole of charge k may be constructed 
from an algebraic curve in mini-twistor space [113], and an SU{r) monopole is defined by 
r — 1 such holomorphic curves [184]. The corresponding string theory after this reduction 
is the topological B model on mini-supertwistor space with r not quite space-filling D3- 
branes (defined analogously to the D5-branes in the six- dimensional case) and additional 
Dl-branes wrapping holomorphic cycles in mini-supertwistor space. It is reasonable to 
assume that the latter correspond to monopoles and substitute the D-instantons in the 
case of supertwistor space. In [73], also a twistor string theory corresponding to a certain 
massive super Yang-Mills theory in three dimensions was described. The target space of 
the underlying B model is a Calabi-Yau supermanifold obtained from mini-supertwistor 
space by a deformation of its complex structure. The goal of this chapter is to comple- 
ment the discussion given in [73]. In particular, we show that the B model with only the 
D3-branes included corresponds to a field theory on mini-supertwistor space obtained by 
a reduction of holomorphic Chern-Simons theory on supertwistor space. We show that 
this field theory is a holomorphic BF-type theory'' which in turn is equivalent to a su- 
persymmetric Bogomolny model. This model can be understood as the BPS equations 
of A/" = 8 super Yang-Mills theory in three dimensions. The action functional of holo- 
morphic BF theory on mini-supertwistor space is not of Chern-Simons type, but one can 
introduce a Chern-Simons type action on the correspondence space of mini-supertwistor 
space. This space admits a so-called Cauchy-Riemann structure. After enlarging the 
integrable distribution defining this Cauchy-Riemann structure by one real direction to a 
distribution one is led to the notion of £^-6.a.t vector bundles over the correspondence 
space. These bundles take over the role of holomorphic vector bundles, and they can be 
defined by a ^-fiat connection one-form A,^ [213]. The condition of ^-flatness of 
can be derived as the equations of motion of a theory we shall call partially holomorphic 
Chern-Simons theory. This theory can be obtained by a dimensional reduction of holo- 
morphic Chern-Simons theory on supertwistor space. We prove that there are one-to-one 
correspondences between equivalence classes of holomorphic vector bundles subject to 



^These theories were introduced in [206] and considered, e.g.. in [126, 27]. 
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certain triviality conditions over mini-supertwistor space, equivalence classes of £^-6.a.t 
vector bundles over the correspondence space and gauge equivalence classes of solutions 
to supersymmetric Bogomolny equations in three dimensions. In other words, the moduli 
spaces of all three theories are bijective. By deforming the complex structure on mini- 
supertwistor space, which in turn induces a deformation of the Cauchy-Riemann struc- 
ture on the correspondence space, we obtain a similar correspondence but with additional 
mass terms for fermions and scalars in the supersymmetric Bogomolny equations. The 
twistorial description of the supersymmetric Bogomolny equations has the nice feature of 
yielding novel methods for constructing explicit solutions. For simplicity, we restrict our 
discussion to solutions where only fields with helicity ±1 and a Higgs field are nontrivial. 
The corresponding Abelian configurations give rise to the Dirac monopole-antimonopole 
systems. For the non- Abelian case, we present two ways of constructing solutions: first, 
by using a dressed version of the Penrose transform and second, by considering a nilpo- 
tent deformation of the holomorphic vector bundle corresponding to an arbitrary seed 
solution of the ordinary Bogomolny equations. The third chapter is based on the work 
done together with Alexander Popov and Christian Samann [210]. 

The fourth chapter deals with a discussion of full super Yang-Mills theories on four- 
dimensional space-time. In particular, we review Witten's [262] and Manin's [166] con- 
structions of Penrose- Ward transforms relating gauge equivalence classes of solutions to 
the A/'-extended super Yang-Mills equations to certain equivalence classes of holomorphic 
vector bundles over superambitwistor space which admit an extension to a (3 — A/')-th 
order formal neighborhood. 

As indicated above, there exist infinitely many nonlocal conserved charges in A/" = 4 
super Yang-Mills theory. So far, they have been formulated within the spin chain approach 
[83, 84, 85] which is perturbative in nature. Note that field theoretic expressions for 
these charges at zero 't Hooft coupling are known and were also given in [83, 84]. It 
is therefore reasonable to consider the problem of constructing such charges from first 
principles. As a modest step, one may first study a simplification of the theory - namely 
its self-dual truncation. It will be the purpose of the fifth chapter to use twistor theory 
for studying infinite-dimensional algebras of hidden symmetries in A/'-extended self-dual 
super Yang-Mills theories. Here, we generalize the results known for the self-dual Yang- 
Mills equations [198, 69, 70, 71, 244, 81, 75, 202, 204, 205, 125, 171]. In particular, we 
will first consider deformation theory of holomorphic vector bundles over supertwistor 
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space. Using the Penrose- Ward transform, we relate these infinitesimal deformations 
to symmetries of the self-dual super Yang-Mills equations. After some general words 
on Riemann-Hilbert problems, hidden symmetries and related algebras and using also 
a cohomological classification, we exemplify our discussion by constructing Kac-Moody 
symmetries which come from affine extensions of the gauge algebra. In addition, we 
consider affine extensions of the superconformal algebra to obtain super Kac-Moody- 
Virasoro-type symmetries. The existence of such algebras originates from the fact that 
the full group of continuous transformations acting on the space of holomorphic vector 
bundles over supertwistor space is a semi-direct product of the group of local holomorphic 
automorphisms of the supertwistor space and of the group of one-cochains with respect to 
a certain covering with values in the sheaf of holomorphic maps of supertwistor space into 
the gauge group. See [204] for a discussion in the purely bosonic setting. By focusing on a 
certain Abelian subalgebra of the affinely extended superconformal algebra, we introduce a 
family of generalized supertwistor spaces. These manifolds, being parametrized by certain 
integers, then allow us to introduce truncated self-dual super Yang-Mills hierarchies. Such 
a hierarchy consists of a finite system of partial differential equations, where the self-dual 
super Yang-Mills equations are embedded in. The lowest level flows of such a hierarchy 
represent space-time translations. Furthermore, one may also consider the asymptotic 
limit to obtain the full hierarchy. Indeed, the existence of such a hierarchy allows us to 
embed a given solution into an inflnite-parameter family of new solutions. This generalizes 
the results known for the self-dual Yang-Mills equations [169, 241, 170, 4, 127, 171]. We 
remark that such symmetries of the latter equations are intimately connected with one- 
loop maximally helicity violating amplitudes [23, 66, 67, 220, 104]. As for certain values 
of the parameters the generalized supertwistor spaces become Calabi-Yau, we are also 
able to give action principles for the truncated hierarchies. In addition, we also construct 
inflnitely many nonlocal conservation laws in self-dual super Yang-Mills theory which 
are associated with the symmetries in question (see [4] in the context of the self-dual 
Yang- Mills hierarchy). The discussion of the flfth chapter is based on [269, 270]. 

Finally, we give a short summary of the results derived in this thesis and close with 
an outlook. 

Conventions 

In the sequel, we shall be using the standard abbreviations YM theory and SYM theory 
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for Yang-Mills theory and super Yang-Mills theory, respectively. We also abbreviate 
holomorphic Chern-Simons theory by hCS theory. In addition, the reader may find a list 
with symbols which are most frequently used throughout this work at the end of this 
thesis. 

Disclaimer 

I apologize in advance to those people whose names were either mentioned incorrectly 
or not mentioned at all. I have tried to track down all the literature related to the topics 
discussed below but nevertheless because of the broad fields of twistor theory, integrable 
systems, etc., it might have happened that some of the works slipped through my hands. 
If so then simply because of the fact that I was not aware of them. 

Hannover, Summer 2006 
Martin Wolf 
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Chapter I 

SUPERTWISTOR GEOMETRY 



This first chapter is intended to give some of the main ideas of supertwistor geo- 
metry. The material is presented only to that extent which is needed in later applica- 
tions. For pedagogical reasons, we begin with ordinary twistor geometry. As we will be 
discussing the twistorial approach to supersymmetric field theories, we need to general- 
ize this framework to also include so-called supermanifolds - manifolds parametrized by 
Z2-graded coordinates. We will shortly realize, however, that for developing these gen- 
eralizations, it is necessary to work in a bit more abstract mathematical setting. In due 
course, we therefore also present some definitions and notions to simplify understand- 
ing. The reader unfamiliar with the underlying mathematics may consult, e.g., Refs. 
[24, 105, 166, 260]. A thorough introduction into twistor geometry can be found in the 
books [121, 166, 171, 196, 259]. 



I.l Twistor spaces 

§1.1 Flag manifolds. Let us begin by recalling the definition of a flag manifold. Con- 
sider the complex space C". Then we define its flag manifolds by 

i^d,...d„(C") := {(^1, ...,SJ\S,C C", dimc^. = d,,SiCS2C---C S^}, (I.l) 

where the SiS are subspaces of C". Typical examples of such flag manifolds are the pro- 
jective space Fi = CP"~^ and the GraBmannian Fk = Gfc,n(C). Note that all of these 
manifolds are compact complex manifolds. Moreover, they have an equivalent represen- 
tation as homogeneous spaces. That is, consider the decomposition 

d^dl (^d2-dl (^d3—d2 ... (^dm-dm-l (^n-dm 
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of C"". The subgroup of U{n) which preserves this decomposition is 

U (di) X U{d2 — di) X ■ ■ ■ X U {dm — c^m,-i) X U{n — dm) C U {n) 
and hence we may give an equivalent definition by the quotient 

F f(r"') •= U{n) . . 

'''""'^^ U{di) xU{d2-di) X ■■■ xU{dm-dm.^i) xU{n-dm)' ^' ' 

From this it rather straightforwardly follows that their dimensionality is given by the 
formula 

dimc;-Frf^...d,„(C") = di(n - di) + (^2 - - 4) H \- {dm - dm-i){n - dm)- 

§1.2 Twistor space. We now want to use the notion of flag manifolds to introduce 
fundamental complex manifolds considered in twistor geometry. In order to describe field 
theories in four dimensions, we restrict ourselves to four dimensions. So, let T be a fixed 
complex four-dimensional vector space which we call twistor space. In due course, we 
shall also endow T with various real structures. Furthermore, we have a natural fibration 
in terms of flag manifolds 

i^i2(T) 

\7T^2 (1.3) 

Fi(T) F2{T) 

together with the canonical projections 'n'i{Si,S2) = Si for i = 1,2. In fact, the double 
fibration (1.3) is the first in a row of important double fibrations in twistor geometry we 
will encounter throughout this thesis. We shall now develop some of its basic properties. 
We follow the literature and define 

p3 := Fi(T) = CP^ 

:= F2{T) = G2,4(C), (1.4) 
:= Fi2(T), 

and call them projective twistor space, compactified complexified four-dimensional space- 
time and correspondence space, respectively. At this point we stress that Minkowski and 
Euclidean spaces can naturally be realized as four-dimensional subsets of the complex 
four- dimensional manifold (see Ref. [259] for a detailed discussion). By virtue of 
the double fibration (1.3), geometric data is transferred from to and vice versa 
according to the subsequent proposition (see, e.g., [259]): 
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Proposition I.l. There is the following correspondence between points and subsets: 

(i) point in < — > CP^ C M"^ 

(ii) CP^ C < — > point m 

§1.3 Local coordinates. Next we introduce local coordinates. For this, we let 



X 



(x"") G Mat(2,C) 



12 



(1.5) 



be a coordinate mapping for M"^. The brackets denote, as usual, the span. Then we define 
a coordinate chart on by 



:= </5(Mat(2,C)) ^ €\ 



(1.6) 



We call affine complexified four- dimensional space-time. Note that it is simply one 
of six possible choices of standard coordinate charts for M^. Using the projections 7ri^2, 
we may naturally define the affine parts of and P^ according to 



Then we have 



jr5 TT^^M"") and V' := 7ri{7T^\M^)). 



^ X CP\ 



(1.7) 



(1.8) 



To see this, let [A^] = [A^, Ag] be homogeneous coordinates on CP^ and x as above. Then 
consider the mapping 



(a^"^ [Ad) 



A, 



Xn 



X 

12 



which in fact proves (1.8). 

It then follows by our above discussion that the projection tti : JF^ is given by 



Aq. 



e P'^ 



(1.9) 
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Therefore, in terms of these coordinates our double fibration (1.3) takes the following 
form: 

T^\/ \7T2 (1. 10) 



[A^]) e 





e p3 








.12. 



Altogether, these considerations allow us to introduce affine coordinates according to: 

• a;"" and \± with A4. = Al^ on fl where {f/+, f/_} denotes the canonical 
covering of CP^, 

• and 4; ^1 : (a;"", A±) ^ = x"°A^,4 = A±), with A+ = A+At and 
(A+) := *(1,A+). 



The last point deserves a little more attention. Let us denote the covering of by 
il = On the intersection W+ fl lA- the coordinates (2;^, 4) satisfy 



1 



and 



(I.ll) 



z_ z_ 

Hence, the twistor space^ is a rank two holomorphic vector bundle over the Riemann 
sphere. In more details, it is the total space of 



:i.i2) 



where C(gpi(l) denotes the hyperplane hne bundle (the dual of the tautological line bun- 
dle) over CP^. Moreover, the equations 



aa \ it 



:i.l3) 



are also called incidence relations. In a given trivialization, holomorphic sections of the 
bundle — > CP^ are of the form (1.13) and are parametrized by the moduli In 



other words, Eqs. (1.13) make Prop. I.l. transparent: a fixed point p = 
corresponds to a null two-plane <Cp C and furthermore, a fixed point x 
corresponds to a holomorphic embedding of a rational degree one curve CP^ ^ . To 
see that these two-planes are indeed null, we solve (1.13) for a generic p = (z^, 4 = -^i); 



X 



(1.14) 



^By a slight abuse of terminology, we shall also refer to as the twistor space. 
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where /i^ is arbitrary. Here, denotes a particular solution to (1.13). By recalling that 
any null four-vector k""^ can be decomposed as = v°'w°' for two generic commuting 
spinors and w"', we have thus shown that is totally null. Hence, is the space of 
all null two-planes in = C^. 

§1.4 Remark. Two remarks are in order. By definition, the projective twistor space 
is the same as <CP^. On this space we may introduce homogeneous coordinates [z",7ra]. 
Then consider <CP^ \ CP^, where <CP^ C <CP^ is defined by setting Tr^ = and 7^ 0. 
We can cover (CP^ \ CP^ by two coordinate patches, say W+ and W_, for which tt^ 7^ 
and 0) respectively, and introduce the coordinates 



2" := — and z\ := — on 6f+, 
:= — and zl. := — on W_, 
which are related on W+ fl W_ by (1. 11). This shows that <CP^ \ CP^ is biholomorphic to 

P3 = Ocpi(l)©0(DPi(l)- 

There is yet another interpretation of CP^. The Riemann sphere CP^ can 

be emdedded into CP^. The normal bundle of CP^ inside CP^ is C(cpi(l) © C'cpi(l)- 
Kodaira's theorem on relative deformation theory [134, 135] states that if y is a com- 
pact complex submanifold of a complex manifold - not necessarily compact, and if 
H^{Y, Ny\x) — 0, where Ny\x is the normal sheaf of Y in X, then there exists a d- 
parameter family of deformations of Y inside X, where d = dim,cH^(Y, Ny\x)- In our 
example, 

H\€P\OcP^il)(BO^piil)) ^ 

and d = A? 

§1.5 Two other twistor spaces. Above, we have introduced (projective) twistor space 
in terms of a particular double fibration. However, this is not the only possibility as 
there is a variety of other twistor spaces which turn out to be extremely important in 
later applications. In the remainder of this section, we pick two examples which again are 
based on flag manifolds. Let us consider the following two correspondences: 

P23(T) Pi23(T) 
T^l/ \t^2 T^l/ \t^2 (1.16) 
P3(T) P2 (T) Fi3(T) P2(T) 

^We shall often denote a vector bundle and the corresponding sheaf of sections by the same letter; cf. 
also footnote 5. In addition, we shall sometimes write Ny instead of Ny\x- 
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The space -F2(T) = M'^ is, of course, compactified complexified four-dimensional space- 
time. Note that the space Fs{T), that is, the space of all three-dimensional subspaces in 
T, is naturally dual to Fi{T*) as we have a natural duality between lines and hyperplanes 
in a vector space. For that reason we call -F3(T) dual projective twistor space and denote 
it by P^, in the following. The twistor manifold -Fi3(T) is called projective ambitwistor 
space as it inherits aspects of the projective and the dual projective twistor spaces. We 
shall denote it by L^. Then one can prove the following proposition: 

Proposition 1.2. There are the following correspondences: 

(a) (i) point m P^ < — > CP^ C 
(ii) CP} C P^ < — > pomt m 

(b) (i) pomt m 1} < — > CP^ C 
(ii) CP^ X C < — ^ point m 

Note that for all these manifolds we have coordinate representations similar to (1.5), 
and we shall develop a suitable notation for these coordinates as they are needed. We 
want to conclude this section by stressing that ambitwistor space can be regarded as 
a submanifold in P'^ x P^ as there is an embedding 

^5 p3 X Pf, 

(1.17) 

(S^cSs) ^ (5i,53). 

In fact, is a degree two hypersurface in P^ x P^ since this embedding is given by the 
zero locus 

z'^p^-W^TTa = 0, (1.18) 

where [z°,7r(i] are homogeneous coordinates on P^ and [pa,'w°'] on P^, respectively. Eq. 
(1.18) is just the orthogonality relation between the vectors characterizing 5*1 and the ones 
characterizing 5*3, the latters being normal vectors to the hyperplanes. The minus sign in 
(1.18) has been chosen for convenience. 



1.2 SUPERMANIFOLDS 

So far, we have discussed twistor spaces in the purely even (bosonic) setting. In the 
sequel, we extend the discussion to supertwistor spaces. To do this, let us first present 
some preliminaries. 
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§1.6 Graded rings and modules. The first notions we need are Z2-rings and modules 
and some relations among them. So, let R = Rq (B Ri he a Z2-graded ring, that is, 
-Ro-Ro C -Ro, RiRo C Ri, RqRi C -Ri and -Ri-Ri C Rq- We call elements of Rq even and 
elements of -Ri odd. An element of R is said to be homogeneous if it is either even or 
odd. The degree (or parity) of a homogeneous element is defined to be zero if it is even 
and one if it is odd, respectively. We denote the degree of a homogeneous element r G -R 
by Pr {p for parity). We define the supercommutator, [-, ■} : R x R R, hj 

[ri,r2} := rira - (-)^'-i^'-2r2ri, (1.19) 

for all homogeneous elements ri^2 ^ R- The ring R is called supercommutative if the 
supercommutator vanishes for all of the ring's elements. An important example of such 
Z2-graded rings is the GraBmann algebra over C"", 

R = A'C" := QA^C^, (1.20) 
p 

with the Z2-grading being 

R = QA^PC^eQA^f+^C". (1.21) 
p p 

An i?-module M is a Z2-graded bimodule which satisfies 

rm = (-)P''^'"mr, (1.22) 

for all homogeneous r E R, m E M, with M = Mq © Mi. An additive mapping of 
i?-modules, if : M — > A^, is called an even morphism if it preserves the grading and is 
i?-linear. We denote the group of such morphisms by Homo(M, A^). On the other hand, 
we call an additive mapping of _R-modules odd if it reverses the grading, p<^(m) = Pm + 1, 
and is i?-linear, that is, (f{rm) = {—Y''rip{m) and if{mr) = ip{m)r. The group of such 
morphisms is denoted by Homi(M, A^). Then we set 

Hom(M,Ar) := Homo(M, A^) © Homi(M, A^) 

and it can be given an i?-module structure. 

Furthermore, there is a natural mapping 11 - called the parity map - defined by 

(nM)o := Ml and (nM)i := Mq (1.23) 
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and by requiring that i) addition in UM is the same as in M, ii) right multiphcation by R 
is the same as in M and iii) left multiphcation differs by a sign, i.e., rll{m) = (— )^''n(rm) 
for r E m E M and n(m) G UM. Corresponding to the morphism ip : M N, we let 
ip^ : UM — > IIA^ be the morphism which agrees with as a mapping of sets. Moreover, 
corresponding to the morphism ip : M N, we can find morphisms 

Uip : M ^ UN, with (nv?)(m) := U{ip{m)), 

ipU : UM iV, with {ipU){Um) := ip{m), 

and hence (p^ = U(pU. We stress that R is an i?-module itself, and as such UR is, as well. 
However, UR is no longer a Z2-graded ring since {UR)i{UR)i C (n-R)i, for instance. 

Next we need the notion of free i?-modules. A free i?-module of rank m\n is defined 
to be an i?-module isomorphic to 

j^m\n ._ Jim^^YlR^. (1.25) 

This has a free system of generators, m of which are even and n of which are odd, 
respectively. We stress that the decomposition of i?™!" into i?"^'" and has, in general, 
no invariant meaning and does not coincide with the decomposition into even and odd 
parts, 

[i?™©(ni?i)"]©[i?r©(n/2o)"]. 

Only when Ri = 0, these decompositions are the same. 

§1.7 Supermatrices, supertranspose, supertrace and superdeterminant. Let R 

he a supercommutative ring and be a freely generated i?-module. Just as in the 

commutative case, morphisms between free i?-modules can be given by matrices. The 
standard matrix format is 

A - h ^] , (1.26) 
At/ 

where A is said to be even (respectively, odd) if Ai and A4 are filled with even (respectively, 
odd) elements of the ring while A2 and A3 are filled with odd (respectively, even) elements. 
Furthermore, Ai is a p x m-, A2 a. q x m-, A3 a. p x n- and /I4 a g x n-matrix. The set of 
matrices in standard format with elements in R is denoted by Mat(m\n,p\q, R). It forms a 
1j2-gTaded module which, with the usual matrix multiplication, is naturally isomorphic to 
Hom(i?™l'",i?Pl'?). We denote by GL{m\n,R) the even invertible automorphisms of i?™'". 
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The supertranspose of A G Ma.t{m\n,p\q, R) is defined according to 

^-^'''^^], (1.27) 

wliere the superscript "t" denotes the usual transpose. The supertransposition satisfies 
'XA + B)= + ^^B and %AB) = {-)papb st^ st4_ 

We shall use the following definition of the supertrace of A G Mat(m|n,p|g, R): 

stiA := tiAi - (-)^'^trA4. (1.28) 



Clearly, the supertrace of the supercommutator vanishes and the supertrace of a super- 
transposed matrix is the same as the supertrace of the matrix one has started with. 
Finally, let A G GL{m\n, R). The superdeterminant is given by 

sdetA := det(Ai - A2AjM3)detAj\ (1.29) 

where the right-hand side is well-defined for Ai G GL{m\0, Rq) and A4 G GL{n\0, Rq). 
Furthermore, it belongs to GL{1\0, Rq), that is, to Rq. The superdeterminant satisfies 
also the usual rules, 

sdet{AB) = sdetA sdetB and sdet ''M = sdetA 

for A,Be GL{m\n,R). 

§1.8 Supermanifolds. We have now all necessary ingredients to give the definition of 
a supermanifold. As it will be most convenient for us, we shall follow Manin [166] and 
consider the graded space approach to supermanifolds.^ The idea is roughly to extend 
the structure sheaf of a manifold to a sheaf of supercommutative rings. However, note 
that there are other approaches as, e.g., the one by DeWitt [77, 24] (see also [68] for a 
review). Furthermore, we stress in advance that the subsequent definition will not be the 
most generic one. For a more general discussion, we refer the interested reader to Ref. 
[166]. 

■^We note that the systematic theory of smooth supermanifolds goes back to the work by Kostant [137] 
and Leites [156]. 
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Definition I.l. A complex supermanifold of complex dimension m\n is a ringed space 
Xm\n .-(^x,Ox), where X is a topological space of real dimension 2m, and Ox is a sheaf 
of supercommutative rings on X such that, if we let M he the ideal suhsheaf in Ox of all 
nilpotent elements in Ox, the following is fulfilled: 

(i) Xred = {X, O^cd '■= Ox/M) is a complex manifold.^ 

(ii) For each point x & X there is a neighborhood U 3 x such that 

Ox\u = OU^'£)\u, 

where £ is a locally free sheaf of O^cd-fnodules of purely even rank n\{] on X and A* 
denotes the exterior algebra, i.e., the tensor algebra modulo the ideal generated by 
the superanticommutator. 

We shall call Xred the body of (X, Ox)- If no confusion arises, we will not mention 
the sheaf Ox explicitly. The latter is also called the sheaf of holomorphic superfunctions 
on X or simply structure sheaf of the supermanifold. Note that a similar definition can 
also be given for different iable supermanifolds. Furthermore, as for purely even complex 
manifolds, it will turn out to be useful to consider the sheaf Sx of smooth complex-valued 
superfunctions on X, which is defined in a similar fashion. Clearly, Ox is a subsheaf of 
Sx- In the sequel, we shall loosely speak of functions but always mean superfunctions. 
Moreover, we will often suppress the explicit appearance of the dimensionality and simply 
write X instead of X™'"'. 

Let (s;""^, . . . , 2;"*) be local coordinates on U <Z X and (771, . . . , ?7„) be basis sections 
of £. Then {z^ , . . . ,2;"^, 771, . . . ,?7„) is an even-odd system of coordinates for the space 
(t/, Cred(A*£^)|(/). Any / G r(t/, 0^cd{.^*£)) can thus be expressed as 

/(z,r/) = 5^r/V/(^), (1-30) 

where / is a multiindex and the //s are local functions on X^ed- 

Let us give a first example of a supermanifold: let X be a rank r holomorphic 

vector bundle over an ordinary complex manifold X and £ the sheaf of sections of E.^ 
^Recall that a ringed space (X, Ox) with the property that for each x E X there is a neighborhood 
U B X such that there is a ringed space isomorphism {U,Ox\u) — (ViOv), where V C C" and Oy is 
the sheaf of holomorphic functions on V can be given the structure of a complex manifold. Moreover, 
any complex manifold arises in this manner. 
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Then (X, (9i.od(A*£^)) is a supermanifold by the very definition, since £ is locally free. 
Such a supermanifold is called globally split. A particular example is C™'" defined by 
^m|n ^ (C"",Crod(A*C'')). Note that due to a theorem by Batchelor [26], any differ- 
entiable supermanifold is globally split. This is basically because of the existence of a 
partition of unity. The reader should be warned that, in general, complex supermanifolds 
are not globally split. 

§1.9 Vector bundles. As for ordinary manifolds, we need the notions of tangent and 
cotangent bundles. Since these are just special vector bundles and in view of our later 
discussion it is certainly worth stating some more general words on vector bundles. The 
idea to define a holomorphic supervector bundle over a complex supermanifold (X, Ox) 
is to use the notion of a locally free sheaf of rank r|s, which is defined to be a sheaf 
of Cx-modules locally isomorphic to O^}^ := © iliOx)®^-^ In the following, we 
shall suppress the prefix super: thus, vector bundle means supervector bundle. Next let 
V? : (Y, Oy) {X, Ox) be a holomorphic mapping of complex supermanifolds, that is, ip 
is defined to be the pair (0, (p) , where : F — ^ X is a continuous mapping of topological 
spaces and cf) : Ox ~^ <P*Oy is a morphism of sheaves of rings: for any open subset U in 
X there is a morphism (pu '■ Ox\u ~^ C'y U-^c/)- Note that V9^,(9y is also called the zeroth 
direct image sheaf of the sheaf Oy. By the pull-back via (f of a. vector bundle S over X, 
we mean the locally free sheaf of (9y-modules 

:= Oy^^-w^f-^S, (1.31) 

where (p~^Ox (respectively, (p~^S) denotes the topological inverse sheaf of Ox (respec- 
tively, of S). For instance, (f~^Ox is the sheaf on Y defined by the presheaf 

Y dV open ^ T{(l){V),Ox) 

with the obvious restriction mappings. It is characterized by the property that the stalk 

{ip~^Ox)y = Ox\(i,(y) for all y eY. For a complex vector bundle, replace Ox by Sx- 

^Remember the following fact: Let X be a purely even complex manifold. Then there is a one-to-one 
correspondence between rank r locally free sheaves £ of Ox-modules on X and rank r holomorphic vector 
bundles E over X. In fact, if {Ui} is an open covering of X and if {Ui} trivializes E ^ X, then the group 
of holomorphic sections of E over Ui is 0^'^\ui- Conversely, if £ is a locally free sheaf of Ox-modules 
and if 0i : £\if. 0^'^\(j- is the explicit isomorphism, then on any Uj fl Uj we may define r x r matrices 
of holomorphic functions according to (jyj o : 0^"^ \if-rMJj ~^ C*^' [[/-nc/j which give the transition 
functions of a holomorphic vector bundle E ^ X. 
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The tangent sheaf TX of a complex supermanifold X is then the sheaf of local vector 
fields, that is, the super derivations of the ring of functions. It is locally free - in fact, it is 
a locally free sheaf of Ox-modules - and of rank equal to the dimension of X. Let (z*, rjj) 
be local coordinates on X. Then TX is freely generated by its sections {d / dz^ ,d / drjj). 
The cotangent sheaf VL^{X) is defined to be 

Q}{X) ■= T*X = jromo^{TX,Ox), (1.32) 

where J^omox{TX, Ox) is the sheaf of local morphisms from TX Ox- There is also 
an obvious differential d : Ox Q^{X) with the property X_idf = Xf for X G TX. 

§1.10 Remark. In the sequel, we shall only be dealing with locally free sheaves. There- 
fore, we will often not make any notational distinction between such sheaves and the 
vector bundles corresponding to them, and we also use the two objects interchangeably. 

1.3 Supertwistor spaces 

Now we want to use the above machinery for generalizing the twistor spaces of Sec. I.l 
to supertwistor spaces. 

§1.11 Flag supermanifolds. For the sake of concreteness, let us consider C"'". Then 
we define the fiag superspace^ Fdi...dj,(C"*l") to be the set of all /c-tuples (5*1, . . . , Sk) of 
free submodules of C™'" satisfying 5*1 C ■ ■ ■ C 5*^ C C™'" and di := rank = Pi\qi. 
This naturally generalizes our definition (I.l). In fact, one can also introduce suitable 
coordinate systems and thus a suitable structure sheaf which makes this set into a complex 
supermanifold. As in the purely even setting, we can give an equivalent definition by 
considering the decomposition 

of C"*'", where di — dj = (pi — Pj)\{qi — qj) ■ Let now U{m\n) C GL(m\n, C) be the unitary 
automorphisms of C™''".^ The subgroup of U{m\n) which preserves this decomposition is 

U{di) X U{d2 — di) X ■ ■ ■ X U{dk — rffc-i) x U{m\n — d^) C U{m\n) 
^See also Ref. [120]. 

^Hermitian conjugation is defined by composing supertransposition and complex conjugation. 
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and hence we may write the quotient 

F ((r"^\^] ■= U{m\n) 

'''■■■^'"^ ^" U{di)xU{d2-di)x ■■■xU{dk-dk-i)xU{m\n-dky ^ ' 

One can actually show that f/(m|?T,) has real dimension + n'^\2mn. Then it is a rather 
straightforward exercise to determine the dimension of a flag supermanifold. So, we leave 
it to the interested reader. Note that flag supermanifolds are, in general, not globally 
split [166]. 

§1.12 Supertwistor space. Similarly to our discussion in Sec. I.l, we let T be of the 
form C^l-^. We call this space TV-extended supertwistor space [95] . Then we introduce 

P3|^ := Fi|o(T), 
Mf^ := F2|o(T), (1.34) 

This time we call them projective supertwistor space, compactified complexified four- 
dimensional antichiral superspace-time and correspondence space, respectively. Therefore, 
the double fibration (1.3) becomes: 

T^y^ \r2 (1.35) 

pSlAT 

Note that P^l^ = CP^Ia^ = (p3^ 0,^d{^'{C^ » Op3(-l)))), where C»p3(-1) is the tauto- 
logical sheaf on P"^. Furthermore, Prop. I.l. generalizes accordingly. 

Proposition 1.3. There is the following geometric correspondence: 

(i) point m P3l-^ , > CP2|A^ C mf^ 

(ii) CP^I° C P3l^ < — > point m mJ^^ 

In the following, we shall abbreviate X'"!'^ = X"^ for any ordinary manifold X. As 
before, we may introduce local coordinates. Eventually, one finds 

= Mf^ X €P' 

T^\/ ^2 (1.36) 

together with 



14 



Supertwistor geometry 



• Mf^ ^ C^|2-^: xf and r/f , where 2 = 1, . . . , AA, 

• JF^'^"^: x^", ?7f and A± with A+ = Al^ on f/+ fl f/_, where {f/+, f/_} denotes again 
the canonical covering of CP^, 

. P3|A^. 4 and r^f- tti : (x^", A±,r/f) ^ (4 = x^"A± 4 = A±,r/f = r/fA^), with 
A+ = A+AT and (A+) := *(1,A+). 

Again, the last point shows that P^l-^ is a rank 2\N' holomorphic vector bundle 

p3|A^ = C»<cpi(l)®C'©nC»cpi(l)®C^. (1.37) 

Moreover, the relations 

zl = xfXt and vt = vt>^ (1-38) 

explicitly say that a fixed point p = {z'^, z"^, rjf) G P^l-'^ corresponds to a null 2|A/'- 
dimensional subspace of A/l^^"^. By analogy with the purely even setting, we shall refer 
to those as super null planes of dimension 2|A/' in tM^^''^. Hence, P^l-'^ is the space of super 
null planes of M'^^^ = C^'^-'^. On the other hand, a fixed point {xr,!]) = (x^°,?7f) G 
•^/i^^ corresponds to a holomorphic embedding of a rational curve <CP^^^ ^ -psi-'V 
Before closing this paragraph, we would like to stress that the argumentation of §1.4 also 
applies here. 

§1.13 Two other supertwistor spaces. Above, we have introduced the (projective) 
supertwistor space. Let us now also generalize the other two twistor spaces given in 
§1.5: the dual projective supertwistor space and the projective superambitwistor space, 
respectively. So, let us consider the following two double fibrations: 

-^2|Ar,3|Ar(T) -^l|0,2|0,2|Ar,3|Ar(T) 

T^l/ \t^2 TTy/ \7r2 (1.39) 

FsiMiT) F2|Ar(T) Fi|o,3|Ar(T) F2|o,2|Ar(T) 

The space M^'^"'^ := F2|Ar(T) is compactified complexified four-dimensional chiral superspace- 
time, which is naturally dual to F2|o(T*). Note also that the space F3\j^(T) is naturally 
dual to Fi|o(T*). For that reason we call Fs\^f{T) dual projective supertwistor space 
and denote it by P*'"^. Furthermore, M^'^ := -F2|o,2|Ar(T) is compactified complexified 
superspace-time and obviously, we have the natural fibration: 

]J^4|4JV 

7^y^ (1.40) 
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The manifold Fi\o^s\j^{T) is called projective superambitwistor space and we shall denote 
it by L^'^-^. Then one can show: 

Proposition 1.4. There are the following correspondences: 

(a) (i) point m P^'-^ < ^ CP^IA^ C Mf ^ 

(ii) CPi C V^}^ < — > point m uf^ 

(b) (i) point m L5|2-^ < — > CP^I^-^ C M^l^^ 
(ii) CP^ X €P} C L^l^-^ < — > point m M^l^ 

Note that for all these manifolds we can construct coordinate representations similar 
to those given in §1.12. As before, we shall develop suitable notation for these coordinates 
as we need them. 

Finally, we want to stress that also the projective superambitwistor space L^'^-^ can 
be viewed as a degree two hypersurface in p-^l-'^ x P^'"'^. In fact, if we let [2;°, tt^, r/j] be 
homogeneous coordinates on P^l-'^ and [pq,w",^*] on P*'"^, respectively, then L^'^-'^ is 
given by L^I^a^ = (L^, 0^,\,j, = O^.^^^^sjm /I), with 

(^P3i^xp3|.v = aed(A*(C-^®OF3xp3(-l,0)©C^*®Op3^p3(0,-l))) (1.41) 

and X is the ideal subsheaf in O^^^^j^^^-iiAr given by 

J = ^z''p^-w^7r^ + 2e'r]i). (1.42) 

Furthermore, we have abbreviated 

Op3xp3(m,n) := pr^Op3(m) (g) pr2(9p3(n), (1-43) 

where pri : P^ x P^ ^ P^ and pr2 : P^ x P^ ^ P^, respectively. 



1.4 Connections and curvature 

So far, we have been dealing with just supermanifolds and vector bundles. Next we want 
to introduce some additional geometric structure, such as connections. This will then 
allow us to talk about curvature and characteristic classes. 
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§1.14 Connections and curvature. As we have already mentioned in §1.9, the notion 
of a holomorphic vector bundle over a complex supermanifold {X, Ox) is equivalent to the 
notion of a locally free sheaf S of Ox-modules. Then a connection V is an even morphism 
of sheaves 

V : ^ ^ n\X)^S (1.44) 

satisfying the Leibniz formula 

V(/a) = d/®a + /Va, (1.45) 

where / is a local holomorphic function on X and a is a local section of S. Let (Z^) = 
[z'',r]j) be local coordinates on X and TX be generated by (d/dZ^) = [d / dz^ ,d / drjj). 
Therefore, 



d = dZ^d, = d.^|- + dr^,A (1.46) 



and (1.45) reads as 
Locally, V has the form 



V,(/^) = {djf)a + {-rPffVia. (L47) 
V = d + ^, (L48) 



where A G T{X,n\X) ®End£). 

As usual, induces the curvature 

T G T{X,A'^n\X)0EndS), (L49) 

where A* denotes the exterior algebra, i.e., it is the tensor algebra modulo the ideal 
generated by the superanticommutator. Here, we have just introduced one version of a 
holomorphic de Rham complex on supermanifolds. There are other possible ways; see, 
e.g., Ref. [166] for details. Note that the above definitions carry naturally over to complex 
vector bundles. 

§1.15 Integral forms and Berezin integral. In the purely even setting, differential 
forms are objects which can be integrated over. However, in the case of supermanifolds, 
the situation is more subtle. First, let us introduce the holomorphic Berezinian. Let X 
be a complex supermanifold with tangent sheaf TX. The holomorphic Berezinian line 
bundle, BerX, or holomorphic Berezinian for short, is defined to be the line bundle over 
X having holomorphic super Jacobians as transition functions. Thus, it can be considered 
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as the natural extension of tlie canonical sheaf (sheaf of sections of the canonicle bundle) 
on a purely even complex manifold. Then integral forms are defined to be sections of the 
sheaf 

S'(X) := BerX®A'(TX) = oruo^ {A' n\X), Bei X). (1.50) 

Thus, BerX = S°(X) and if X is m\n dimensional with local coordinates {z\rij), then 
u G BerX is locally of the form 



dz^ A ■ ■ ■ A dz"'dr]i ■ ■ ■ dr^^ ® /, (1.51) 



where / is some local section of Ox- Sections of Ber X are also called holomorphic volume 



forms. A complexification T^X of TX splits into a direct sum T^X = tA'^X © T^^X. 



Clearly, this then implies that 

E^(A:) = BercX©A'=(rcX) 

= Ber^° X © Af (T^^'^X) © Ber^^^ X © A''(T°'^X) 

p+q=k (1.52) 

=: S-(X). 

p+g=k 

Let now X be a differentiable supermanifold with local coordinates {x\rij). Fur- 
thermore, suppose that Xred is connected and given an orientation. Let BeroX = 
ro(X, BerX), that is, the volume forms with compact support. Then ui G BeroX is 
locally 

u = dx^ A - ■■ A dx"M?7i ■ ■ ■ dr]n © ^ fi{x) 

J (1-53) 
= dx^ A • ■ ■ A dx'^dr/i ■ ■ ■ dr7„ © ^ Vi ■ ■ ■ vt fh-M, 

where the //s are local functions on Xred- We define the Berezin integral as 

f uj := (-)t(""i) f dx^---dx"'fi...i{x). (L54) 

For a more general volume form with compact support, we define the integral by using 
a partition of unity and the additivity property of the integral. Furthermore, if we let 
Sq(X) be the integral fc-forms with compact support, then such a form can be hooked 
into a differential /c-form with compact support, i.e., an element of A'^^KX), to give an 
element of Berg X which, by virtue of the above formula, can be integrated over X. 
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§1.16 Remark. Two things are worth mentioning. First of all, integral forms can be 
given the structure of a complex, since one may introduce a mapping 6 : S*(X) 
with 6"^ = 0. Therefore, one can discuss cohomology of integral forms [166]. Another issue 
concerns the integration theory on supermanifolds. In general, one is interested in objects 
which can be integrated over immersed sub(super)manifolds Y of some supermanifold 
X. One way of doing this is to introduce so-called /c-densities. They are sections of 
(Ber IIT*)*, where T is the tautological sheaf on the relative GraBmannian Gx{k^ TX) 
X. Then if </? : F ^ X is an immersion of supermanifolds and uj a density on X, one 
can canonically define a volume form i^*{uj) on Y . We shall not go into further details at 
this point and refer the reader to the book by Manin [166] for a nice discussion of these 
aspects. We also refer to the work by Bernstein and Leites [53, 54] who generalized the 
integration theory of volume forms for the first time. 

§1.17 Formal Calabi-Yau supermanifolds. Given a rank r\s complex vector bundle 
V) over a complex supermanifold X, we define the fc-th Chern class of £ to be 



k 



sdet(l + tu;) for k < r + s, (1.55) 

t=o 

where u := -^^T is (up to an overall factor) the curvature of V. The first few Chern 
classes are given by: 

co(^) = 1, 
c\{£^ = stru, 

(I 56) 

c^(£) = U{stiu;Y -sti Lj'), 



The total Chern class is then c{£) = Y2k^o'^ki£)- Note that in a similar fashion, one may 
also introduce the k-th Chern character according to 



chk{£) :-- 



dt>' 



str exp(tti;) for k < r + s. 



:i.57) 



t=0 



As in the purely even setting, one may prove the following useful result: for a short exact 
sequence of complex vector bundles over X, 







J" 



£ 



Q 



0, 



:i.58) 



we have 



(1.59) 
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In particular, tliis formula yields 

ci(^) = ci(^) + ci(^). (1.60) 

More details about Chern classes, Chern characters, etc. can be found, e.g., in the book 
by Bartocci et al. [24]. 

Furthermore, the total Chern class of a complex supermanifold X is defined to be the 
total Chern class of TX. In this case, we shall simply write c(X). In the purely even case, 
we have a relation between the first Chern class of a vector bundle and its determinant line 
bundle. In fact, both agree (up to a sign). The question is whether we have an extension 
of this relation to our present setting. The analog of the determinant line bundle is, as we 
have already seen above, the superdeterminant line bundle - the Berezinian line bundle. 
Using splitting principle arguments, one may indeed deduce that the first Chern class of 
sdet S for some vector bundle S coincides, again up to a sign, with the first Chern class 
of 

ci(sdet£) = TCi{S), (1.61) 

where the sign depends on whether sdet S is of rank 1|0 or 0|1, respectively. When talking 
about TX, we shall use our old notation BerX. 

Definition 1.2. Let X be a complex supermanifold. Then X is called a formal Calahi-Yau 
supermanifold if it fulfills the following equivalent conditions: 

(i) The first Chern class of X vanishes. 

(ii) The holomorphic Berezinian of X is trivial. 

(iii) There exists a globally defined and nowhere vanishing holomorphic volume form. 

Before we will discuss some examples, let us point out an important issue: in contrast 
to ordinary Calabi-Yau manifolds, formal Calabi-Yau supermanifolds do not necessarily 
admit Ricci-fiat metrics - even if one assumes compactness. For some expositions on this 
issue, see Refs. [229] and [215, 274, 216, 222, 157]. 

Let us now discuss some examples. First, consider the projective superspace CP™"'" = 
(CP'", C<cP'"i") with Ocp^i" = C'red(A*(C" ® 0<cp-(-l)))- To compute the total Chern 
class c(CP™'"), we use the short exact sequence 

^ OcpHn ^ CcpH"(l)®C"+^©nCcp-in(l)®C'^ ^ 2-CP™l" ^ 0, (1.62) 
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as we have to take equivalence classes with respect to overall rescalings. Here, 0^prr,\n{l) 
denotes the dual tautological sheaf on CP™'". Note that the above sequence is nothing 
but a Z2-graded extension of the Euler sequence.® Using our relations given in §1.17, we 
find 

c(cp'"i") = c(c>cpH"(i)®c'"+^©n(!:)cpHn(i)®c") 

which immediately implies 

ci(CP"l") = ci(Ocp™|n(l) ® - ci(Ccp™in(l) ® C") 

and hence 

Ci(CP"'l") = {m+l-n)x, (1.63) 

where x := Ci(0(|^p„i|n(l)). Thus, we may conclude that our supertwistor space p-^l-^ = 
(□psiA/" becomes a formal Calabi-Yau supermanifold if and only if A/" = 4. 

A similar argumentation can be given for superambitwistor space L^'^-^ as introduced 
in §1.13. There, it was shown that L^'^-'^ can be realized as a hypersurface in P^l-'^ x P*'"^. 
Thus, we have a short exact sequence of sheaves 

^ Th^l^^ ^ Oi^5|2.v ® T(p3l^ X p3l^) N^si2j^ 0, (1.64) 

where Nj^bi2m is the normal sheaf of L^l^^ in P^l-^ x P^'^. In fact, Nj^sm = Ci,5|2Af (1, 1) = 
Cp3|^^p3|Af (1, 1)/X, where X is the ideal subsheaf (1.42).^ Then a short calculation reveals 
that (1.64) implies 

ci(L^|2^) = {3-Af)x + {3-Af)y, (1.65) 

where x := Ci{Oj^5\2Ar{l, 0)) and y := Ci{Oj^5\2Af{0, 1)), respectively. Hence, L^'^ is a formal 
Calabi-Yau supermanifold. Furthermore, it has been shown [186, 7] that L^l^ and P^l^ 
are related in some sense by mirror symmetry. For related aspects of mirror symmetry 
see also Refs. [140, 8, 34, 199, 214, 141]. 

Before coming to our next topic, let us illustrate a final example given by LeBrun [146]. 
Let X be some ordinary complex manifold. As we have seen in §1.8, (X, (9i.ed(A*£^*)) 
is a complex supermanifold, where £^ is a rank r|0 locally free sheaf of Ored-modules. 
The holomorphic Berezinian of (X, Ci.od(A*£^*)) is then given by Ber (X, Ci.ed(A'£^*)) = 

^The proof of (1.62) is a straightforward extension of the one given in the purely even setting. The 

proof of the Eulcr sequence for (DP™ can be found in, e.g., [105]. 
^See also our discussion given in §IV.9. 
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K, A'^S, where JC is the canonical sheaf (sheaf of sections of the canonical bundle) on X. 
Next one can show that there is a short exact sequence of Orod-niodules on X 

^ f]^(X)®J^ ^ Jet^^F ^ ^ 0, (1.66) 

where Jet^jF is the sheaf of first-order jets for JF.^° Let now X be some complex three- 
dimensional manifold which admits a spin structure. Then X can be extended to a formal 
Calabi-Yau supermanifold of dimension 3|4 by setting £ = Jet^/C~^/^ since from the above 
sequence we obtain 

= A^fi^(X)®/C~3/2 

and hence Ber (X, Ored(A'^*)) = /C ® A^£ = K ® is trivial. Therefore, we can 
conclude that {X,Orcd{A*£*) is a formal Calabi-Yau supermanifold. For instance, the 
supertwistor space P^'^ fits into this construction scheme, since /C = Ops (—4) and hence 
Jet^A^~^/^ = Op3(l) ® C^, as can most easily be deduced from the Euler sequence (1.62). 

1.5 Real structures 

Up to now, we have only dealt with complex (super)twistor spaces. In order to discuss 
real gauge theories, that is, gauge theories living on either Euclidean or Minkowski spaces 
(or conformal compactifications thereof) with some unitary group as gauge group, we 
need to put certain real structures on the supertwistor space T and its dual T*. This in 
turn induces real structures on all the supermanifolds appearing in our double fibrations. 
Therefore, our first goal is to choose proper coordinates on T and T* as well as on the 
supermanifolds participating in (1.40). Recall that in §1.12 and §1.13 we have already 
given partial results on this matter. 

§1.18 Local coordinates. In §1.13, we have denoted the coordinates on T by (2;", vr^, rji) 
and on T* by {pa,w",9^), respectively.^^ Furthermore, in the same paragraph we also 
discussed the canonical bilinear form 

((z^7r^,r/,),(p„,w^eO) = z''p^-w''7r^ + 2e\ (L67) 
^°For a proof, see, e.g., Ref. [166]. 

^^In fact, they are just homogeneous coordinates for the projectivized versions. 
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as an element of T T*. Consider the double fibration (1.40), 

]]y[4|4jV 

TTl/ \7r2 (1.68) 

and recall that M^'^ = F2|o(T), M^l^ = F2|o,2|Ar(T) and uf^ = F^i^iT) ^ F2|o(T*). 
According to §1.12, local coordinates on M^^"^ are (x^°,?7f). In a similar fashion, one 
may take (x2°,6'*") as local coordinates on M^'^''^. A (2|0, 2|A/')-fiag in T is the same 
thing as a pair of 2|0-dimensional subspaces in T and T*, orthogonal with respect to the 
bilinear form (1.67). Making use of the identifications 

[z° = x'^Xa, = Xa, r]i = T]" Xa) and {w° = Xl°fia, Pa = Pa, 0' = 0"^ fi^) , (1.69) 

as discussed in §1.12 in the case of the supertwistor space together with the orthogonality 
relation induced by (1.67), we find 

x^" - xf + 2^^"r/f = 0, (1.70) 

where summation over repeated indices is implied. This equation can generically be solved 
by e.g., putting 

^aa^ = x""T^^"r/f. (1.71) 

We may thus take (x°", 6'*", ■r]f) as local coordinates on M^'"'^, with the obvious projections 
■7ri,2 

TTi : (x"", e^^, r/D e M^l^ (x^^ v?) e Uf^, 
712 : (x"", r/f) e M^l^ ^ (xf , ^'") G Mf 
Clearly, by virtue of the discussion given in §1.12 and of the double fibration (1.68), 
(x"",^*°,r/f) are defined on 7i^\Mf^) H TT^^Mf^) =: M'^^^ ^ C^l^. 
§1.19 Euclidean signature. As we shall see in the next chapter, the supertwistor space 
will play a key role in discussing self-dual SYM theories. As the corresponding equations 
of motion are natural extensions of the self-dual YM equations, we are interested in their 
formulation in an Euclidean setting. Though not being subject of the present discussion, 
it is also possible to formulate them in the case of split signature. For details see, e.g., 
[207]. 

Let us introduce the e-tensors according to 




= (e'h = \ and (e„,) = (e^,) = \ , (1.73) 
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which satisfy €0/3 e^"^ = 5^ and ^ap^^'^ ~ ^1- Furthermore, define 





1 





o^ 


-1 




















1 


u 





-1 


V 



(1.74) 



For the choice J\f = 4 (the most interesting one for our purposes), Euchdean signature 
will be induced by the antiholomorphic involution 



(1.75) 



for the coordinates (z", tTq,, rji) on T. Here, summation over repeated indices is implied and 
bar denotes complex conjugation. Note that reality of the odd coordinates for Euclidean 
signature can only be imposed if A/" is even [138, 160]; the A/" = and M = 2 cases 
are obtained by suitable truncations of the A/" = 4 case. Furthermore, we adopt the 
convention 

TE{ah) = TE{a)TE{h), (1.76) 

where a, 6 are any of the coordinates {z°',7Ta,'r]i)- The extension of the involution te to 
any holomorphic function / is defined to be 



TEifi---)) := fiTEi---)). 

Using (1.75) together with the incidence relations (1.69), we find 

and TEiVi) 



(1.77) 



R 



(1.78) 



4| 8 4| 8 

for the local coordinates (x^", rjf) on M.^ C . The fixed point set of these involutions 
then defines antichiral Euclidean superspace Mil^ C Mf with Mil^ = R^is. One may 
choose the following parametrization: 



X 



„22 
R 



™11 



X 



R 



-: X —IX 



and 



„21 



Xf 



:i.79) 



with real x^. Hence, the metric is of Euclidean type. Note that later on, we shall also 
choose parametrizations different from (1.79). 
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§1.20 Minkowski signature. Besides self-dual SYM theories, we are also interested in 
full SYM theories which are most interesting when considered on Minkowski space-time. 
In this situation, the superambitwistor space plays the central role in the discussion. 
Minkowski signature is induced by the antiholomorphic involution 

TM{z°',Tra„'ni,pa,w°',9') := {-iv°',pa,0\7ra,-z'',Vi) (1.80) 

on T X T*, where bar denotes, as before, complex conjugation. This time, however, we 
choose 

TMiab) = TM{h)TM{a), (1.81) 

where a, h are any of the coordinates on T x T*. The extension to holomorphic functions 
is then given analogously as for Te- 

Next using Eqs. (1.69) together with the conditions (1.71), we immediately arrive at 

rM(x"^) = -x^", TM{r,t) = and rM(^*") = t- (1-82) 
The fixed point set 

rM(x"^) = -x^" = x"^ and rA,(r/f) = = r/f (1.83) 
together with the parametrization 

(x"") =M ^ ^ I (1.84) 

y — x^ + ix^ — i(x° + x^) 

for real x'^, yields a metric of Minkowski signature, that is, (- 
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Self-dual super gauge theory 



Aft er these introductory words on (super)twistor spaces, we shall now discuss a first 
application. In the introduction we have already seen that the twistor approach to gauge 
theory involves certain holomorphic vector bundles over spaces appearing in a double 
fibration like (1.35). As is well known, holomorphic vector bundles can be described within 
two different approaches: the Cech and the Dolbeault pictures. Both pictures, however, 
turn out to be equivalent - and each of it has its own advantages and disadvantages. 
In the sequel, we shall be using both on equal footing. Therefore, we first describe the 
equivalence of both pictures in a more general setting and then discuss as a first example 
self-dual SYM theory^ and some related models. 



n.l Cech-Dolbeault correspondence 

§11.1 Cech cochains, cocycles and cohomology. Let us recall some basic definitions 
already adopted to complex supermanifolds. Consider a complex supermanifold X with 
an open covering IX = {Ua}- Furthermore, we are interested in smooth maps from open 
subsets of X into some Lie (super)group G as well as in a sheaf & of such G-valued 
functions. A g-cochain of the covering il with values in (5 is a collection ip = {'ipao--ag} of 
sections of the sheaf & over nonempty intersections fl • ■ ■ fl Ua^ ■ We will denote the 
set of such g-cochains by C"^(il, &). We stress that it has a group structure, where the 
multiplication is just pointwise multiplication. 

We may define the subsets of cocycles Z'^{ii, &) C C"'(il, &). For example, for g = 0, 1 



^See Ref. [231, 248, 249, 250] for an earlier account on self-dual SYM theory. 
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they are given by 

z°(ii,e) := {^eC^{ii,e)\^a = A on w,nWfc^0}, 

Z\1X, 6) := {tp G C\ii, 6) I tPab = on UanU,^% (III) 

and ipabipbc'ipca = 1 on Ua nUb nUc ^ ^} ■ 

These sets will be of particular interest. We remark that from the first of these two 
definitions it follows that Z^{iX, &) coincides with the group 

H\x,e) = e{x) = r{x,e), 

which is the group of global sections of the sheaf (5. Note that in general the subset 
6) C C^(it, 6) is not a subgroup of the group C^(il, 6). 
We say that two cocycles /, / G Z^{il,&) are equivalent if fab = '<Pa^fab''Pb for some 
"0 G C°(il, (5). The set of equivalence classes induced by this equivalence relation is the 
first (pointed) Cech cohomology set and denoted by i/^(lt, 6). If the W^s are all Stein - 
in case of supermanifolds X we need Xj-ed to be covered by Stein manifolds - we have the 
bijection 

/7^(il,6) ^ H\X,&), (11.2) 

otherwise one takes the inductive limit. To sum up, we see that, for instance, the elements 
of H^{X,SS) with ^ := GL{r\s, Ox) classify rank r\s locally free sheaves of Ox-modules 
up to isomorphism. Hence, i/^(X, ^) is the moduli space of holomorphic vector bundles 
over X with complex rank r\s. 

§11.2 Dolbeault cohomology. Let X be a complex supermanifold and consider a rank 
r\s complex vector bundle £ ^ X. Furthermore, we let 

fiP'«(X) := ^om5^(A*'(T^'°X)® A''(T°'^X),5x) (11.3) 

be the differential (p, g)-forms on X. In spirit of our discussion given in §1.14, we have a 
natural antiholomorphic exterior derivative d : f2^'''(X) f2^'^~''^(X). A (0, l)-connection 
on £ is defined by a covariant differential 

yO'i : £ fiO'i(X) ®^ (11.4) 

satisfying the Leibniz formula; see also Eq. (1.45). Locally, it is of the form 

v°'^ = a + (n.5) 
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where A^'^ G r(X, Q^'^{X) (^EndS). The complex vector bundle S is said to be holomor- 
phic if the (0, l)-connection is flat, that is, if the corresponding curvature vanishes. 

In other words, V*^'^ defines a holomorphic structure on S. Note that (II. 6) is also called 
equation of motion of holomorphic Chern-Simons (hCS) theory. 

Let 21°'^ be the sheaf of solutions to (II. 6). The group r(X, 6), where & := GL{r\s, Sx), 
is acting on r(X, 21°'^) by 

where g G r(X, (3), and without changing the holomorphic structure on S. Therefore, 
the Dolbeault cohomology set 

H^o4X,£) := r(X,2t°'i)/r(X,6) (II.8) 

parametrizes all different holomorphic structures on the complex vector bundle S. 
§11.3 Equivalence of Cech and Dolbeault pictures. Let us now show that the above 
approaches to holomorphic vector bundles are actually equivalent. This fact may be 
understood as a non-Abelian generalization of Dolbeault's theorem. 

Theorem II. 1. Let X be a complex supermanifold with an open Stein covering il = 
{Ua} and S X be a rank r\s complex vector bundle over X . Then there is a one-to- 
one correspondence between H^o^i{X,S) and the subset of H^{X,Sj) consisting of those 
elements of H^{X,S)) representing vector bundles which are smoothly equivalent to S, i.e., 

{SJ={fat},V''') ~ {8J~={fat},d), 

where fab = i^a^fabi^b for some = {^pa} G CO(il, &). 

Proof: Let £ —>■ X he a rank r\s complex vector bundle represented by / = {/„;,} G H^{X, 6). 
Furthermore, consider the subset of C''(il, ©) consisting of those elements ij) = {ipa} obeying 

'tphd'lPb^ = fab^1padlp~^fab + fab^dfab 

on UaHUb^ 0. Due to Eq. (II.6), elements = {Aa'^} of i7^o,i {X, £) are locally of the form 
^a""^ = ipadt/Ja^ and glued together according to the above formula. Hence, A^'^ G H^o^i{X,£) 
determines a zero-cochain ip = {ipa} with the above property. This ip can in turn be used to 
define the transition functions of a rank r\s holomorphic vector bundle £' ^ X by setting 

fab ■■= Ipa^fabA, 
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that is, 3 fab = 0. Clearly, the bundle £ defined by this / = {fab} € H^{X,Sj) is smoothly 
equivalent to 8. Conversely, given / = {fab} G H^{X, S)) as transition functions of a holomorphic 
vector bundle £ which is smoothly equivalent to £, the fabS can always be written in the above 
form and hence, one can reconstruct a differential (0, l)-form A^'^ such that JF'^'^ = 0. 
Bijectivity is shown by virtue of a short exact sequence of sheaves 

^ S) ^ 6 ^ 21°'^ ^ 0, 

where 5'' : S — > 21'^'^ is defined on any open subset U on X hy 6'^ : iliy i— > iIjuBiIj^^^ with 
ipu £ r(Z/^, 6). The map 6^ sends A^'"^ E 21*^'^ to T^'"^ which by construction vanishes. The above 
sequence induces an exact sequence of cohomology sets 

^ H^{X,9)) ^ H\X,6) ^ H\X,^^'^) ^ H\X,Sj) ^ H\X,6). 

By definition, H^{X,S^) (respectively, H^{X,<5)) parametrizes holomorphic (respectively, smooth) 
vector bundles over X. The kernel of p coincides with the subset of H^{X, S)) whose elements are 
mapped into the class of H^(X, &) representing holomorphic vector bundles which are smoothly 
equivalent to £. By virtue of the exactness of the cohomology sequence, we find 

H^o,i{X,£) = //0(X,2t°'^)/i7°(X,e) ^ kerp. 

■ 

§11.4 Remark. In the following, we shall mostly be interested in complex vector bundles 
which are trivial as smooth bundles. Furthermore, we also restrict our discussion to rank 
r\0 = r complex vector bundles, although it straightforwardly generalizes to rank r\s. 

II. 2 Self-dual super Yang-Mills theory 

Subject of this section is the discussion of A/'-extended self-dual SYM theory. We first 
present the Cech approach to holomorphic vector bundles over supertwistor space and 
derive in this setting the field equations of self-dual SYM theory on four-dimensional 
space-time. Second, we reconsider the whole discussion in the Dolbeault picture. The 
latter then also allows us to formulate appropriate action principles for both, hCS theory 
on supertwistor space and self-dual SYM theory on Euclidean four-dimensional space in 
the case of maximal supersymmetry, that is, for A/" = 4. 
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§11.5 Penrose- Ward transform. Let us consider tiie double fibration (1.36) and recall 



that Mf^ = C^|2-^, i.e., 



T^y (II.9) 

where P^l-^ is the supertwistor space given by (1.37) and = C^l^-^ x CP^. RecaU 

also the form of the two projections ni^2, 



(11.10) 



We denote the coverings of V^\^ and by il = {U+M-} and il = re- 

spectively. Consider a rank r holomorphic vector bundle £ 'p'^W its pull-pack 
Ti^E jz^zM g^g ciefined in §1.9. These bundles are characterized by the transition func- 
tions / = {/+-} on the intersection W+nW_ and tt^/ on W+nW_. For notational simplicity, 
we shall use the same letter, /, for the transition functions of both bundles in the following 
course of discussion. By definition of a pull-back, / is constant along tti : JF^'^ jy^W _ 
The relative tangent sheaf^ TTr/V := (l]i(J^|^)/7r*f]i(Tp3|A^))* is of rank 2\Af and 
freely generated by 

Da = A^afi and = A^^^. (11.11) 

Here, we have again abbreviated d^^ := d/dx^ and 9^ := d/drj^. In the sequel, we 
shall write S/' := TT^jV? Therefore, the transition functions of are annihilated by 
the vector fields (11.11). Letting dv and dj: be the anti- holomorphic parts of the exterior 
derivatives on the supertwistor space and its correspondence space, respectively, we have 
nXd-p = 9jc- o Trjl'. Hence, the transition functions of tx\E are also annihilated by dj:. 

As indicated, we assume that the bundle E is smoothly trivial and moreover C^'^^^- 
trivial, that is, holomorphically trivial when restricted to any projective line CP^^^ ^ ^ 
'p'iW _ These conditions imply that there exists some smooth GL(r, C)-valued functions 
ip = V^-} G C^{H, &), which define trivializations of n^S over U±, such that /_|__ can 



^If one has a fibration tt : Z ^ X, the relative tangent sheaf TZ/X (sheaf of vertical vector fields) is 

defined by the following short exact sequence: — > TZ/X TZ ^ tt*TX 0. 

■^Here, we have just introduced the letter 5^ as abbreviation for the relative tangent sheaf. However, 

it can be put in a general context of integrable distributions as subsheaves of the tangent sheaf. See 

SIII.6 for details. 
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be decomposed as 

/+_ = ^;V- (11.12) 

and 

B^iJi = 0. (11.13) 

Note that in particular this formula implies that the ip±s depend holomorphically on X±. 
Applying the vector fields (11.11) to (11.12), we realize that 

^+Dii^-' = ^.D+^jZ^ and ^+D\^-^ = i^.D^^PZ^ 

must be - by an extension of Liouville's theorem - at most linear in A+. Therefore, we 
may introduce a Lie-algebra valued one-form which has components only along 3/^, 
such that 

D^^AM^^ := At = i^±Dti^l' = A|Aa 

(11.14) 

D^^A.^\u^ := = ^±D^^,PI^ = XiAl. 
In fact, Asr defines a relative connection 

: TilS n]^{J^f^)^7ilS, (11.15) 

which is fiat. Here, := ^* are the relative differential one-forms on the 

correspondence space. 

Eqs. (11.14) can be rewritten as 

(D^ + ^±)^± = 0, 

(/?i + ^y^± = 0, (11.16) 
5^^± = 0. 

The compatibility conditions for this linear system read as 

[v^., vj,] + [vf,, v^j = 0, [vj,, v^,] + [v;,, Vj„] = 0, 
{v^,v^} + {v;,,vi} = 0, 

where we have defined the covariant derivatives 

Vf^ := C + and := + A'^. (11.18) 

Eqs. (11.17) are the constraint equations of AT-extended self-dual SYM theory. Note that 
the first of those equations represents the self-duality equation for the gauge potential 

[Vf^,Vg = e.pf.^ + e.^U, (11.19) 
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where f^0 (respectively, fa/s) is symmetric in its indices. Furthermore, f^^ (respectively, 
fa/s) represents the anti-self-dual (respectively, the self-dual) part of the field strength. 
By virtue of (11.17), the anti-self-dual part is put to zero. 

Next let us briefiy discuss how to obtain the functions ip± in (11.16) from a given gauge 
potential. Formally, a solution is given by 

^± = Pexp J . (11.20) 

Here, "P" denotes the path-ordering symbol and 

A = dx""^aa + dr/f (11.21) 

The contour ^± is any real curve within an isotropic two-plane C^'^^ from a point (x, r}) 
to a point (x, r/), with 

(11.22) 

for s G [0,1]; the choice of the contour plays no role, since the curvature is zero when 
restricted to the two-plane. Furthermore, {e",ei) are some free parameters. 

In §1.19, we introduced an antiholomorphic involution te corresponding to Euclidean 
signature. Upon extending this involution to nlS jr5\2Af^ -j-j^g^^ upon requiring 

/+-(■•■) = [h-irE{---))]\ (11.23) 

where dagger denotes Hermitian conjugation, one ends up with real self-dual SYM fields. 
In particular, one finds 

TEiAaa) = -e^pe^pA^^ = A^^ and te{A) = -e^^T/(^pt = j^,^ (11.24) 

where Tj-' has been defined in (1.74). This reduces the gauge group GL{r,(C) to the 
unitary group U{r). Unless otherwise stated, we shall implicitly assume that (11.23) has 
been imposed. If one in addition requires that det(/+_) = 1, the structure group is 
reduced further to SU{r). 

Before we are discussing the field expansions of the superfields Aaa and let us 
give some integral formulas 

where the contour = {A+ G CP^ I l^+l = 1} encircles A_|_ = 0. In fact, these contour 
integrals give the explicit form of the Penrose- Ward transform. 
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§11.6 Field expansions, field equations and action functional. Let us stick to the 
A/" = 4 case. The others are then obtained by suitable truncations. Recall that the field 

o 

content of A/" = 4 self-dual SYM theory consists of a (self-dual) gauge potential Aaa, 

o o o 

four positive chirality spinors Xa^ six scalars W^^ = —W^^, four negative chirality spinors 

^ o 

Xia and an anti-self-dual two-form G^,^, all in the adjoint representation of SU{r). The 
circle refers to the lowest component in the superfield expansions of the corresponding 
superfields Aaa, Xa, W^^ , Xia and G^^, respectively. The constraint equations (11.17) can 
formally be solved by setting 

[Vf,,V^^] = e^^faf,, [V^,V^^] = e^^xj, and { V^, Vj} = e^^W^^ . (11.26) 

Using Bianchi identities, we find the remaining fields 

X^a := fViiy,, and G^^ := -iVj^x.^), (11.27) 

respectively. Here, we introduced the common abbreviation Wij := ^eijkiW''^ and paren- 
theses mean normalized symmetrization. Next we follow the literature [107, 108, 76] and 
impose the transversal gauge, 

vtA = 0, (11.28) 

in order to remove the superfiuous gauge degrees of freedom associated with the odd 
coordinates rj".'^ Putting it differently, this reduces the allowed gauge transformations 
to ordinary gauge transformations. Furthermore, this leads to the recursion operator ^ 
given by 

^ := ^fV^ = vtdi. (11.29) 

Again by virtue of Bianchi identities, one arrives after a somewhat lengthy calculation at 
the following set of recursion relations: 

^Aaa = ~^apVi Xai 



ki\ 



*See also Rcf. [14] for a more general setting. 
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where, as before, parentheses mean normalized symmetrization while the brackets denote 
normalized antisymmetrization of the enclosed indices.^ These equations determine all su- 
perfields to (r2+l)-st order, provided one knows them to n-th order in the odd coordinates. 
At this point, it is helpful to present some formulas which simplify this argumentation a 
lot. Consider some generic superfield /. Its explicit //-expansion looks as 

/ = f + E€---vi:f^::Z- (11.31) 
fe>i 

Furthermore, we have = rjj^l ji^^, where the bracket [ is a composite expression of 
some superfields. For example, we have ^Aaa = vJll'^'^Y-^j^y with = — ea-yiXi^- Let 

now 

Then we find by induction 

k>l 

In case the recursion relation of / was given by (1 + = rj'j^l f^^, as it happens to be 

o 

for A]^, then / = and the superfield expansion is of the form 

k>i ^ 

Using these expressions, one obtains the following results for the superfields Aaa and A^^: 

Aaa + ^a/sXaVi + " ' ' ) 

J-P -WVj^l^ _ IJjkh .° _L diss) 

2\^a(3^^ Vj 3!^ (^apXk-yVlVj + V^i.oo; 

Upon substituting the superfield expansions (11.35) into the constraint equations (11.17), 

^Note that these equations resemble the supersymmetry transformations, but nevertheless they should 
not be confused with them. 



A'- = 
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we obtain 

e'-'^L^, = 0, 

a^w^^ = -6"^{xL,?,}, (11-36) 

which are the A/" = 4 self-dual SYM equations. The equations for less supersymmetry are 
obtained from those by suitable truncations. We have also introduced the abbreviation 

:= ie"^e"^Vf,Vj,. (11.37) 

We stress that Eqs. (11.36) represent the field equations to lowest order in the superfield 
expansions. With the help of the recursion operator (11.29), one may verify that they are 
in one-to-one correspondence with the constraint equations (11.17); see also Ref. [76] for 
a detailed discussion. 

Furthermore, one easily checks that the above field equations can be derived from the 
following action functional: 

S = y"dVtr|G"^/.^ + x'"VfaXf + (11.38) 
which has first been introduced by Siegel [232]. 

§11.7 HCS theory on "P^'^. Let us now try to understand the twistor analog of the 
action functional (11.38). So far, we have worked in the Cech approach to holomorphic 
vector bundles. In particular, we started with a smoothly trivial holomorphic vector 
bundle {£, f = {/+-}, B-p) over supertwistor space and additionally required holomorphic 
triviality along any (CP^^ ^^ P^'^; for the sake of concreteness, we again stick to the 
A/" = 4 case. As we have learned in the previous section, there is another equivalent 
approach - the Dolbeault approach. To switch to this picture, we need to find {£, f = 
{ir}, d-p+A'^'^), since S is assumed to be smoothly trivial. Moreover, within this approach 
we shall be able to write down an action functional on supertwistor space yielding the 
functional (11.38) after performing suitable integrations. Up to now, it is not known how 
to formulate an appropriate action principle within the Cech approach. This is mainly due 
to the fact that the Cech approach makes the construction manifestly on-shell: certain 
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holomorphic functions (the transition functions) on supertwistor space yield solutions to 
the equations of motion of A/" = 4 SYM theory via contour integrals of the form (11.25). 

First, let us make a more careful analysis of the real structure te as introduced in 
§1.19. There we have seen that the fixed point set TE{x'^,ri°') = (x^",?7f) - cf. also 
Eqs. (1.78) - is a real slice R^'^ C C^'^ corresponding to Euclidean superspace. When 
restricting to R^'^, we have the diffeomorphisms 

r4|8 X 52 ^ C^l^ X CP^ ^ P^l^ (11.39) 

In fact, the map from 'P'^'^ with coordinates {z'^, z^^rjf) to C^'"^ x CP^ with coordinates 
(a;"^, T]}, X±) is explicitly given by 

il z\ + z\z\ z^z^ + z'i 2i ^+ ~ ^+^+ ~ ^- 



1 + 44 1 + ziz^ ' 1 + 44 1 + ' (11.40) 

A± =4 



and 



vl = 


vt + ^Ivt 
1 + 44 


Z-Vi +V2 

1 + ^3^3 ' 


vl = 


vt - zlvt 

1 + 44 


Z-V2 - 

\^z\ 


Vl 

zl 


vl = 


vt + ^Ivt 
1 + 44 


Z-Vs+Va 
l + zlz^_ ' 


vl = 


vt - 4^3" 
1 + 44 


ztvl - 
\ + z\ 


'% 

zl 



(11.41) 



These relations define a (smooth) projection 

p3|4 ^ I^4|8_ ^jj_42) 

Therefore, we may conclude that in the Euclidean setting no double fibration like (11.9) 
is needed. It is rather enough to restrict the discussion to the nonholomorphic fibration 
(11.42). This, however, is a very special feature of the present setting and we shall find 
other examples where double fibrations - even if reality conditions are imposed - are 
inevitable. 

Let us continue with the fibration (11.42). The vector fields (11.11) which generate 
the relative tangent sheaf £/' = TJ^r/V do now, together with dxj^, generate the anti- 

p0,i-p3|4^ since d^i, 9^3 and d^i 



holomorphic tangent sheaf T^i'^P^'^, since Sjq, d^i and d^± can be rewritten according 



to 



d 



± 

/3 ' 



^ = 1^3+ - ^^x'^'V^ - j+vivi, ^ = Vi- 7-x"'K7 + (11.43) 
d 



dvt 
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where we have defined 

Va ■■= :=5x, and ^ := A^c?^ (11.44) 

and 

- Trim- (°-^«' 

This makes it obvious that T^^V^^^ = {V^,Vr^,V^). The matrix (Tj-^) has been defined 
in (1.74). A short calculation reveals that the sheaf of differential (0, l)-forms on V^^^ is, 
for instance, freely generated by the sections 

E± = -l±Xtdxf, El = dA±, and Ef = -^^X^drif, (11.46) 

which, in fact, are dual to (V'^^, V^, V^). Here, we have introduced 




1 

-1 

A_ 



(11.47) 



(A-) := 
Thus, dp is given by 

9vW = d^"±a| + d4^ + dr/,^^ = E^V^^ + EiVt + E^:,V,^ (11.48) 

where, as before, U± are the two sets covering the supertwistor space. 

After this digression, we can now proceed as in §11.5 and discuss holomorphic vector 
bundles {£,f = {/+_}, (?p) over P^'^ which are smoothly trivial and in addition R^'*- 
trivial. Eventually, one again finds a linear system of the form (11.16), that is, 

(V^ + A^)^P± = 0, 

Vs^i^± = 0, (11.49) 
iVl+A!^)^i = 0, 

where /-| = i/j^^i/j-. But this time, and A^^ (and, of course, Af, which is absent 

in the present gauge) are interpreted as components of a differential (0, l)-form A'^'^ G 
r(p3|4^ fiO'i('p3|4)^End^), where the bundle £ V^^^ is smoothly equivalent to £: "P^l^ 
i.e., 

{SJ = {U-},dv) ~ {S,f = {lr},dv + A'''). 
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This is nothing but a special case of Thm. II. 1. Note that 

= ^±^p^±\ with = (11.50) 

by smooth triviality of £. By following the analysis of §11.6, one again reproduces the 
equations of motion of A/" = 4 self-dual SYM theory So, we do not repeat the argumen- 
tation at this point. 

Instead, we shall now change the trivialization of £. In fact, there exist matrix- valued 
functions = G 6) such that^ 

/+_ = V-TV- = V-;^^-, with Vl^± = 0. (11.51) 

From (11.51) it then follows that 

9 := ^+^;' = ^-C' (11.52) 

is a globally well-defined matrix-valued function generating a gauge transformation 



At ^ At = g-'Atg + g-'V^g = ^±v;±^i\ 
= ^ Af = g'%^g = i^±V,^^Z\ 

A"^ ^ A = g~'A^g + g~'Vlg = ^±n^^i^ = 0. 



(11.53) 



Thus, we end up with 

(V^ + At)tl^± = 0, 

{V^ + Ai)^± = 0, (11.54) 

vi^p± = 0, 

which is gauge equivalent to (11.49). 

The compatibility conditions of the linear system (11.54) are, of course, the field equa- 
tions of hCS theory on the supertwistor space P^'^. On U±, they read as 

- V.^^t + [At A^p] = 0, 

(11.55) 

vMt-vMt + [Af,At] = 0. 



and Af, respectively. However, their form is fixed by the geometry of supertwistor space. 



As in §11.6, we now have to find the explicit superfield expansions of the components A't 



^Recall that V^^^ ^ Ocpi (1) ® © UOcpi (1) ® 
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Recall that A"^ and Af are (9(cpi(l)- and (9(cpi(— 2)-valued. Together with the fact that 
the r]fs take values in the bundle nC(Cpi(l), this determines the dependence of A"^ and 
Af on A± and A± [207], 



At = ±7i h Vtvf ± 7i It vtvfvt A| xf ± 



2! 'li 'Ij " aa ' /± 3! 'li 'Ij 'Ik '^±'^± ^aa$ ' 

(11.56) 



I 3 J_ ± ± ± ± \ a \ /3 x7 ^ijfci 
+ 7± 4! '^i Vl ^± ^± ^± ^-^^0/37' 



=t 7± 4! '^j '^i '^fc '^i ^+ ^±^ap • 
o o .0 o . . 

Here, Aaa, xL Xia '■= h.^ijkiX^^ and := i[eijfciGj^|' is again the field content of 
A/" = 4 self-dual SYM theory. Note that, of course, the above expansions are unique only 
up to gauge transformations generated by group-valued functions which may depend on 
\± and A-I-. Also the absence of terms to zeroth and first order in -qf in the expansion 
of At is due to the existence of a gauge in which At vanishes identically. Moreover, 
not all coefficient fields are independent degrees of freedom. Some of them are composite 
expressions, 

^:L = -V^^^ = and = -|Vf(,G|^, (11.57) 

which follow upon substituting the field expansions (11.56) into the second equation of 

o o 

(11.55). Again we have abbreviated := d^^ + Aaa- The field expansions (11.56) 

together with the first equation of (11.55) eventually reproduce (11.36). 

Now we have all ingredients to give the twistor analog of the action functional (11.38). 
In fact, we have just seen that the equations of motion of hCS theory, 

reproduce the equations of motion of A/" = 4 self-dual SYM theory. Luckily, as was 
discussed in §1.17 of the previous chapter, the supertwistor space "P^'^ is a formal Calabi- 
Yau supermanifold. In particular, this means that it admits a globally defined nowhere 
vanishing holomorphic volume form Vt. On the patches IA± of 'P'^'^, it is given by 

Vl\u± = ±d4 A d4 A d4dr/i^dr/^dr/^dr/^- (11.58) 

Assuming that A^'^ contains no antiholomorphic odd components and does not depend 
on f]t (see our above discussion), we may write down [264, 266] 

S = f l]Atr{^°'^ Aap^°'^ + |^°'^ A^°'^ A^°'i}, (11.59) 
Jy 
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where y is the submanifold of P'^'^ constrained by f]f = 0. The action functional (11.59) of 
hCS theory represents the twistor analog of (11.38) we were looking for. Upon substituting 
the field expansions (11.56) into (11.59), integrating over the odd coordinates and over the 
Riemann sphere, we eventually end up with (11.38). 

§11.8 Summary. Even though we have restricted our above discussion to the A/" = 4 
case, one may equally well talk about the cases with less supersymmetry, i.e., the cases 
with A/" < 4. Of course, then the whole story is restricted to the level of the equations 
of motion, as there are no appropriate action principles. Nevertheless, we may collect all 
the things said above and summarize as follows: 

Theorem II. 2. There is a one-to-one correspondence between gauge equivalence classes 
of local solutions to the //-extended self-dual SYM equations on four- dimensional space- 
time and equivalence classes of holomorphic vector bundles £ over supertwistor space V^^^ 
which are smoothly trivial and holomorphically trivial on any projective line CP^^^^ 

Putting it differently, by Thm. 11.1. we let H^Q^i{V^^-^ , £) be the moduh space of hCS 
theory on 'P^l-'^ for vector bundles £ smoothly equivalent to £. Furthermore, we denote by 
A^^YM the moduli space of A/'-extended self-dual SYM theory obtained from the solution 
space by quotiening with respect to the group of gauge transformations. Then we have a 
bijection 

HU,{V-'\^,£) - A^t^)YM- (11.60) 

II. 3 Other self-dual models in four dimensions 

Above we have related A/'-extended self-dual SYM theory to hCS theory on supertwistor 
space V'^^^ . The A/" = 4 case turned out to be very special in the sense of allowing to 
write down action functionals for self-dual SYM and hCS theories. Clearly, the reason 
is the formal Calabi-Yau property of P^'^. The natural question one may now pose is 
that of extending the above approach to other geometries but at the same time keeping 
the formal Calabi-Yau property. One such class of geometries is weighted projective 
superspaces [266, 208]. In fact, they are natural extensions of the projective superspace 
CP"*'". The following discussion is based on the work done together with Alexander 
Popov [208]. 
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§11.9 Weighted projective superspaces. First, consider ordinary weighted projec- 
tive spaces. They are defined by some C*-action on the complex space C"^^. By 
letting {z^, . . . ,z"^~^^) be coordinates on C™"*"^, we define the weighted projective space 
WCP'^[ki, . . . , km+i] for heZ according to 

iyCP™[fci,..., W] := (C™+i \ {0})/C*, (11.61) 

where the C*-action is given by 

{z\ . . . , z'^^^) ^ {t'''z\...,t''^+'z"'+^) for teC*. (11.62) 

Clearly, what we have just defined is a toric variety and as such it need not be a manifold. 
In general, there may be nontrivial fixed points under coordinate identifications leading 
to singularities. However, we shall ignore this subtlety at this point and assume that the 
generic expression (11.61) is a complex manifold. Anyhow, our later discussions will be 
unaffected by this issue since, in spirit of our above discussion, we shall be considering 
only certain subsets which are always manifolds. 

In analogy to CP^^I" = (Ocp-, Crcd(A*(C" g) 0(cp™ (-l))) from Chap. 1, we define 
the weighted projective superspace W<CP"^^^[ki, . . . , km+i\li, ■ ■ ■ , In] for ki, G Z by 

(11.63) 

CvKCP™!" '■— C'rcd(A*(OvKCP'"(~^l) © ■ ■ ■ © C'i4/CP'"(~^n)))- 

Furthermore, by extending the Euler sequence (1.62) to the present setting (see, e.g., [122] 
for the purely even case), one may readily deduce that the first Chern class is given by 

(m+l n \ 

J2ki-J2li]x, (11.64) 
1=1 i=l J 

where x := Ci{Oyycp"^\"{^))- Hence, for appropriate numbers ki and /«, the weighted 
projective superspace 14^CP™'" becomes a formal Calabi-Yau supermanifold. Note also 
that with this definition, we have 

iyCP'"l"[l,...,l|l,...,l] = CP™I". 

3l 2 

§11.10 HCS theory on Vplq. For the sake of concreteness, let us now consider an open 
subset of W^CP3|2[1, 1, 1, l|p, g] defined by 

:= W€P''^%l,l,l\p,q]\W€P'^%l\p,q]. (11.65) 
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This space can be identified with 

Ccpi(i)®c2©nOcpi(p)©nOcpi(g) ^ cp^ (n.66) 

and as such, it can be covered by two patches, which we denote by IA±. Obviously, for 
the particular combination p + g = 4, it becomes a formal Calabi-Yau supermanifold. In 
the following, we shall only be interested in this case. Let [2", vr^, ?7j] be homogeneous 
coordinates on VTCP^'^fl, 1, 1, q\. Since the body of Ppj^ is the twistor space V^, we 
may take as local coordinates (1.15) together with 



,t !^ and ,i := 'Jl on 

,r := % and := ^ on U. 



(11.67) 



which are related by rji = {z'^yt]^ and 77^ = (z'^^^ on the intersection W+ nW_. Note 
that as even coordinates on Vp]q either (2;^, z^) or (a;^", X±) can be used if proper reality 
conditions as those discussed in §1.19 and in §11.7, respectively, have been imposed. There- 
fore, we can again take and of (11.44) as even generators of the antiholomorphic 
tangent sheaf T^^Vp^^. 

3|2 

Having given all the ingredients, we may now consider hCS theory on Vp'q . Let £ be 

3|2 

a smoothly trivial rank r complex vector bundle over Vp\q equipped with a holomorphic 
structure JP'^ G H^o^i{Vl^^ , £) , that is, JP'^ is subject to (II. 6). Furthermore, by virtue of 
the twistor approach, we shall assume that there exists a gauge in which the component 
is zero. This corresponds to the holomorphic triviality on any CP^^ ^ ^ Vp^ of 
the holomorphic vector bundle which is associated to any solution of hCS theory. The 

3l 2 

equations of motion (II. 6) of hCS theory on the patches IA± of Vp\q are again given by 
(11.55), since there exists a gauge in which J\P'^ does neither contain antiholomorphic odd 
components nor depend on f/j. Let us now discuss particular examples. 

3|2 

§11.11 HCS theory on P^'g. Consider the case p = 1 and g = 3, where the fermionic 
coordinates 7]f and Vjf are ll.0(cpi{l)- and n(9(gpi(3)-valued, respectively. Therefore, 
the components and ^3 of the (0, l)-form JiP'^ are again (9([;;pi(l)- and C(cpi(— 2)- 
valued. As before, this fixes the dependence of and ^3 on \± and \± up to gauge 
transformations. In particular, we obtain 



(11.68) 
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where 7± has been defined in (11.45). As before, not all component fields are independent 
degrees of freedom. Upon substituting the above expansions into (11.55), we find 



^o.^P = -^aiah) G^^^^ = -Vf(„G^^). (11.69) 

The field equations resulting from (11.55) are then easily obtained to be 



o o 



(11.70) 



- o o 



As one may check, these equations follow also from the action functional 

s = I d'xRtT S^G'^^f^^+r^^s^Y ^"■'^^^ 

which can be obtained from (11.59) by integration over the odd coordinates and over the 
sphere <CP^. Note that this action has an obvious supersymmetry the transformation 
laws being 

O O O 

S^Aaa = iaXa and 5^G^^ = -e"^^(aVf^)X/3, 



S^Xa = and <5^V„ = -e{G^s + f^a), 



(11.72) 

where C,a is a constant (anticommuting) spinor. The action describes a truncation of 
J\f = 4 self-dual SYM theory for which all the scalars and three of the dotted and three 
of the undotted fermions are put to zero. 

3|2 

§11.12 HCS theory on 

7^2 2 . Now we consider the case p = q = 2, i.e., the odd co- 

I 3| 2 

ordinates r]^ take values in Il0(cpi{2). The equations of motion of hCS theory on V2 2 
have the same form (11.55). Again, the functional dependence on X± and X± is fixed up 

3l 2 

to gauge transformations by the geometry of V2 2 ■ That is, this dependence has the form 

At = ±j^,vtili' ± htvhi>^l4G^^ 

together with 

ka = -Vfi^ and = -Vf(,G^^). (11.74) 
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The remaining nontrivial equations read 

hp = 0, 

□V = 0, (11.75) 

o 

where has been introduced in (11.37). The associated action functional is given by 

S = y"dV^tr |G"'3/.^ + e,,06v}, (11.76) 

and can be obtained from (n.59). Note that formally (11.76) looks as the bosonic trunca- 
tion of the self-dual A/" = 4 SYM theory, i.e., all the spinors and four of the six scalars of 
self-dual TV = 4 SYM theory are put to zero. However, in (11.76) the parity of the scalars 

o 

0* is different, as they are GraBmann odd. To understand their nature, note that in the 

o 

expansions (11.73) we have two GraBmann odd vectors 0^^, which satisfy the equations 

"-^^'^ ' (11.77) 
e-^e^^Vfi^^ = 

o 

following from (11.55). Solutions to these equations describe tangent vectors 6Aaa (with 

o 

assigned odd parity) to the solution space of the self-duality equations /^^ = [263, 245]. 
However, due to the first equation of (11.74) (which solves the first equation of (11.77) 

o o o 

and reduces the second to D^^* = 0), the 0qq,s are projected to zero in the moduli space 

o o 

of solutions to the equations /^^ = 0. By choosing cff = 0, we remain with the equations 

faf^ = and e-^W^^G^. = 0, (11.78) 
which can be obtained from the Lorentz-invariant Siegel action [232] 

S = f d'xntr (g'^^LI, (n.79) 



describing self-dual YM theory. 

3|2 

§11.13 HCS theory on V^q. Finally, we want to discuss the case in which the odd 
coordinate 7]"^ has weight four and rjf weight zero, i.e., we consider g. Proceeding as 
in the previous two paragraphs, we obtain the following field expansions: 



[n.80) 
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together with the conditions 

o ° o ° o o 

The field equations of this theory read as 



= 0, 

e"'v5„^,^) = 0, 

e"^Vf„x,, = 0, 

o o 



(11.82) 



In this case, the action functional from which these equations arise is 

S= /d^x^ tr (G<^^/„, + 6"^(Vf„^.,,)x"4. (11.83) 



This time, the multiplet contains a space-time vector tp^^ and an anti-self-dual two-form 
Xai3 which are both GraBmann odd. Such fields are well known from topological YM 
theories [263, 245]. In this respect, the model (11.82), (11.83) can be understood as a 
truncated self-dual sector of these theories. One may, of course, also consider more than 
just two fermionic coordinates in order to enlarge the multiplet. This may lead to other 
truncations of topological YM theories. We will come to related issues when dealing with 
(truncated) self-dual SYM hierarchies in Chap. V. Note that the above constructions 
have been formalized in [222] in the context of exotic supermanifolds. 



Chapter III 

SUPERSYMMETRIC BOGOMOLNY MONOPOLE 

EQUATIONS 



Approximately two decades ago, it has been conjectured by Ward [256, 257, 258] that 
all integrable models in less than four space-time dimensions can be obtained from the 
self-dual YM equations in four dimensions. Typical examples of such systems are the non- 
linear Schrodinger equation, the Korteweg-de Vries equation, the sine-Gordon model, etc. 
All of these models follow from the self-dual YM equations by incorporating suitable alge- 
braic ansatze for the self-dual gauge potential followed by a dimensional reduction. Also 
the Bogomolny monopole equations on R^, describing static Yang-Mills- Higgs monopoles 
in the Prasad-Sommerfield limit, may be added to this list. In fact, Hitchin showed [113] 
that the Bogomolny monopole equations can be described by using twistorial methods. 
He constructed a twistor space - the so-called mini-twistor space - corresponding to R^. 
Geometrically, it is the space of oriented lines in R^. Furthermore, he then gave the con- 
struction of a Penrose- Ward transform relating equivalence classes of certain holomorphic 
vector bundles over mini-twistor space to gauge equivalence classes of solutions to the 
Bogomolny monopole equations. Our subsequent discussion is devoted to an extension of 
Hitchin's approach to a supersymmetric setting. It is based on the work done together 
with Alexander Popov and Christian Samann [210]. We will obtain the mini-supertwistor 
space, which leads us to a twistorial description of the supersymmetrized Bogomolny 
model. To jump ahead of our story a bit the mini-supertwistor space can be considered 
as an open subset of the weighted projective superspace iyCP^I^[2, 1, 1|1, 1, 1, 1] and as 
such it is a formally Calabi-Yau; cf. also §11.9. Furthermore, on the way of our discussion 
we will meet with the notion of Cauchy-Riemann structures (see, e.g., Ref. [143] for the 
purely even case) which naturally generalize the notion of complex structures. This allows 
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us to use tools familiar from complex geometry. 

III.l Cauchy-Riemann SUPERMANIFOLDS 

The supersymmetric Bogomolny monopole equations we are interested in are obtained 
from the four- dimensional J\f = A self-dual SYM equations by a dimensional reduction 
— > R^. In this section, we study in detail the meaning of this reduction on the level 
of the supertwistor space. Note that we shall always be working in the real setting as 
discussed in §11.7. In particular, we find that the supertwistor space P'^'^, when interpreted 
as the real manifold R^'^ x S'^, reduces to the space R^'^ x S'^. As a complex manifold, 
however, P^'^ reduces to the rank 1|4 holomorphic vector bundle "P^'^ := Ocpi(2) © 
n(9(cpi(l) (g) C^. Due to this difference, the twistor correspondence gets more involved. 
For instance, we need a double fibration. We also show that R'^'® x S*^ can be equipped 
with so-called Cauchy-Riemann structures. 

§111.1 Dimensional reduction R^'^ x S*^ — * R^'^ x S'^. It is well known that the 
Bogomolny equations on R"^ describing BPS monopoles [58, 212] can be obtained from 
the self-dual YM equations on R^ by demanding the components of a gauge potential to 
be independent of and by putting the four- component of the gauge potential to be the 
Higgs field [168, 113, 21]. Obviously, one can similarly reduce the A/" = 4 self-dual SYM 
equations (11.36) on R^ by imposing the ^-invariance condition on all the fields 

(/a/3) Xa! 

in the supermultiplet and obtain supersymmetric Bogomolny equations on R'^. Recall 
that both AT = 4 self-dual SYM theory and A/" = 4 SYM theory have an SU{A) = 
Spin{6) R-symmetry group. In the case of the full A/" = 4 SYM theory, the R-symmetry 
group and supersymmetry get enlarged to Spin{7) and A/" = 8 supersymmetry by a 
reduction from four to three dimensions, cf. Ref. [73]. However, the situation in the 
dimensionally reduced A/" = 4 self-dual SYM theory is more involved since there is no 
parity symmetry interchanging left-handed and right-handed fields, and only the SU{4:) 
subgroup of Spin{7) is manifest as an R-symmetry of the Bogomolny model. 

Recall that on R^ = we may use the complex coordinates x^" satisfying the reality 
conditions induced by (1.78) or the real coordinates x'^ defined by 

= x]l =: -i{x^-ix^) and xj^ = -x^^ =: -i(x^-ia:^). (III.l) 
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This choice differs from the one given in (1.79) by a change of coordinates. However, it is 
most convenient for our subsequent discussion. It will also yield a better comparability 
with related literature. 

Translations generated by the vector field := are isometrics of R^'^ and by 
taking the quotient with respect to the action of the Abelian group 

^ := {exp(a^4) \ x'^ ^ + a, a E R} (111.2) 

generated by ^4, we obtain the superspace 

j^3|8 ^ K.4|8/^_ Recall that the eight odd 
complex coordinates t]^ satisfy certain reality conditions induced by (1.78). The vector 
field ^4 is trivially lifted to R'^^^ x 5*^ and therefore the supertwistor space, considered as 
the smooth supermanifold R"^!* x S^, is reduced to R^l^ x 5^ = (R^l^ x 5*^)/^. In other 
words, smooth <^3^-invariant functions on V^^'^ = R'^'^ x S"^ can be considered as "free" 
smooth functions on the supermanifold R^'* x S*^. 

Recall that the rotation group 5*0(4) of Euclidean four-dimensional space is locally 
isomorphic to SU{2)l x SU{2)fi = Spin{4). Upon dimensional reduction to three dimen- 
sions, the rotation group 5*0(3) of (R'^, 6rs) with r, s = 1, 2, 3 is locally SU (2) = Spin{3), 
which is the diagonal group diag(5f/(2)i x SU{2)fj). Therefore, the distinction between 
undotted, i.e., SU{2)l, and dotted, i.e., SU{2)r, indices disappears. This implies that 
one can relabel the bosonic coordinates x'^ by x'^ and split them as 

Xff = x^^^+x^^^ := 2^xJ^ + x'^) + -^{xjf—x^), (III. 3) 

into symmetric 

:= -ixf\ = = {x' + ix') =: y, y'' = = -x' (III.4) 



and antisymmetric 



xg^] = e"^x^ (III.5) 



parts. More abstractly, this splitting corresponds to the decomposition 4 = 3 © 1 of the 
irreducible real vector representation 4 of the group 5*pm(4) = SU (2) l x SU {2)^ into two 
irreducible real representations 3 and 1 of the group Spin{3) = SU{2) = diag(5*[/(2)i x 
SU{2)r). For future use, we also introduce the derivations 
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which read explicitly as 

dai) 



d 



Altogether, we thus have 



1 d 



(12) 



d 



2 9?/i2 



and 



d, 



d 



(22) 



dy 



22 



2 "a, 



d 



(III.7) 



(III.8) 



§111.2 Holomorphic reduction V^^^ V'^^^. The vector field ^ = ^ yields a free 
twistor space action of the Abelian group ^ = H which is the real part of the holomorphic 
action of the complex group = C In other words, we have 



^4 



_d_ 



dzl d dzl d 
— + \ + — 



d 



dzi 



+ z. 



d_ 

+dzi 



dx^ dzl 
d 



dzi 



_d_ 



(III.9) 



in the coordinates (z" , rj^) for a = 1, 2, 3 on U^, where 



^1 



d 



d 



dz\ ^ dz\ 

is a holomorphic vector field on W+. Similarly, we obtain 

^4 = 3r^ + ^^, with 3r!_ ■= ,r\u_ = -zl 



d 



+ 



d 



(III.IO) 



(III.ll) 



dzl dzi 

on and = S/'L on W+ fl For holomorphic functions / on 'P'^'^ we clearly have 
^/ = ^'/, and therefore i5^'-invariant holomorphic functions on P'^'^ can be considered 
as "free" holomorphic functions on a reduced space "P^'^ = P'^'^/^c obtained as the 
quotient space of P^'^ by the action of the complex Abelian group generated by S/"' . 

In the purely even case, the space = V^/^c was called mini-twistor space [113] 
and we shall refer to P^'^ as the mini-supertwistor space. To sum up, the reduction of 
the supertwistor correspondence induced by the .^-action is described by the following 
diagram: 

p3|4 ^ j^4|8 X ^2 . j^4|8 



(III.12) 



p2|4 j^3|8 

Here, "|" symbolizes projections generated by the action of the groups ?f or and 
is the canonical projection. The projection tti will be described momentarily. 
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§111.3 Geometry of mini-supertwistor space. It is not difficult to see that the func- 
tions 

w]_ := —i(z]+z^z'^), := zi. and rit on W+, 

+ V + + +/ + + -r (III.13) 

:= —i{z'^+z^z^), w'^_ := z^_ and ?7~ on 

are constant along the ^c-orbits in P^'^ and thus descend to the patches V± := U± fl "P^'^ 
covering the (orbit) space "P^'^ = P^'^/^c- On the overlap V+ fl V_, we have 

w\ = . u'i = ^ and ?7+ = ^r/," (III. 14) 

which coincides with the transformation laws of canonical coordinates on the total space 

Ccpi(2)©nOcpi(l)®C^ = P''^ (111.15) 
of the holomorphic vector bundle 

p2|4 ^ (gpl_ (III.16) 

Clearly, this space is a formal Calabi-Yau supermanifold. Hence, it comes with a globally 
well-defined nowhere vanishing holomorphic volume form 

fi|v± = ±dwlAdwld7]'t---dr]^. (III.17) 

The body of this supermanifold is the mini-twistor space [113] 

V' = Ocpi(2). 

Note that the space P^'"^ can be considered as an open subset of the weighted projective 
superspace W€P^\^[2, 1, 1|1, 1, 1, 1]. 

The real structure te (cf. our discussion given in §1.19) on P^'^ induces a real structure 
on P^l^ acting on local coordinates by the formula 

where the matrix (Ti^) has been defined in (1.74). From (III. 18), one sees that te has 
no fixed points in P^'^ but leaves invariant projective lines CP^^ P^'^ defined by the 
equations 

wl = y- 2A+x^ - Xly, r/+ = t]} + A+r/f , with X+ = wl e U+, ^^^^ 



w 



^ - \ty - 2A„x^ - y , 7]. = X^rj] + 77^, with \_ = w't e 
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for fixed (x, 77) G R^'^. Here, y = + ix'^, y = — ix^ and x^ are coordinates on and 
U± denote again the canonical patches covering <CP^. 

By using the coordinates (III.4), we can rewrite (III. 19) as 

wi = A^A|y"^ wl = A± and vt = vt>^, (ni.20) 

where the explicit form of has been given in §1.3. In fact, Eqs. (III. 20) are the incidence 
relations which lead to the double fibration 

T^l/ \7r2 (III.21) 

p2|4 j^3|8 

where T^\^ ^ R^ls ^ 52 

T\2 is again the canonical projection onto R'^'* and the projection 
TTi is defined by the formula 

7^l(x^A±,r/f) = T^^iy^f" = (wlwlvt), (III.22) 

where r = 1,2,3, and w]f and rif" are given in (III. 20). The diagram (III. 21), which is a 
part of (III. 12), describes the following proposition: 

Proposition III.l. There exist the following geometric correspondences: 

(i) point p in 'P^''^ < — > oriented Rp " in R^'^ 

(ii) te -invariant CP^ ,^ P^'^ < — > point {x, 77) in R"^'* 

§111.4 Cauchy-Riemann supermanifolds. Consider the double fibration (III. 21). The 
correspondence space R^'^ x 5*^ is the smooth 5|8-dimensional supermanifold. As it is of 
"wrong" dimensionality, it cannot be a complex supermanifold but it can be understood 
as a so-called Cauchy-Riemann (CR) supermanifold, l.C, clS 8b partially complex super- 
manifold. Recall that a CR structure on a smooth supermanifold X of real dimension 
m|n is a locally direct subsheaf & of rank r|s of the complexified tangent sheaf T^X such 
that ^ n ^ = {0} and ^ is involutive (integrable) , i.e., ^ is closed with respect to the 
Lie superbracket. Of course, the distribution ^ is integrable if ^ is integrable. The pair 
(X, ^) is called a CR supermanifold of dimension m\n = dimj^X, of rank r\s = dim^ ^ 
and of codimension m — 2r\n — 2s. In particular, a CR structure on X in the special 
case m\n = 2r|2s is a complex structure on X. Thus, the notion of CR supermanifolds 
generalizes that of complex supermanifolds. 
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Given a CR supermanifold (X, we let Q''{X) := A'^T^X be the sheaf of complex- 
valued smooth differential /c-forms. Then we define locally free subsheaves of iSx-modules 

by 

(]P'^(x) ■= {cue n^+^iX) 1 A 1^1 A ■ ■ ■ A t^^jcj = 0, yVie^}. (III.23) 
Furthermore, we set (}^^^{X) := {0 G Clearly, we have 

d : n^^u^) - n'ct\x)- 

We now define complex-valued differential (p, g)-forms Qq'^{X) on X according to 

Then we can introduce a natural family of 9-operators, i.e., B : Qq'^{X) — s> Q^'^'^{X) by 
requiring that the diagrams 



T t 

T T 

T t 

T t 



should commute. 

§111.5 Cauchy-Riemann supertwistors. Let us now come back to our example (III. 21). 
On the manifold R^'^ x S"^, one can introduce several CR structures. For instance, we 
may choose 

J^f := (R^^^xS^^o) ^ Ri|° X C^l^ X CP^ (III.25) 

for the distribution 



'0 



d d d 



,dy dX± dfjl 
Another one is obtained by setting 



;ill.26) 



^5|8 _ (r3|8 X 52,^ = 7rtT°'^p2|4^, (III.27) 



52 



Supersymmetric Bogomolny monopole equations 



I.e., 

In the following, we shall suppress the explicit appearance of irl. In spirit of LeBrun's 
[143], we call JF^'^ the CR supertwistor space. ^ Clearly, all the criteria for a CR structure 
are satisfied for our above two choices and moreover, in both cases the CR structures have 
rank 2|4. 

Let us denote the covering of JF^'^ by = {V+,V_}. Up to now, we have used 
the coordinates {y,y,x^, \±,\±,r]'j') or (y"^, A^, A^, 77") on the two patches V±. More 
appropriate for the distribution (III. 28) are, however, the coordinates (III. 19) together 
with 



•= iTAb:^ [Vy + (i-A+A+)2;' + A+y] on V4 



^111.29) 



In terms of the coordinates (III. 4) and A^, we can rewrite (III. 19) and (III. 29) concisely 
as 

wi = AfA^y"^ wl = A±, wi = -^^Xfx^^y'^^ and r/f = r/fA^, (III.30) 

where the factors 7-1- have been given in (11.45). Note that is real and all the other 
coordinates in (III. 30) are complex. The relations between the coordinates on V_|_ fl V_ 
follow directly from their definitions (III. 30). 

The coordinates w^'^ and rif" have already appeared in (III. 20) since "P^'^ is a complex 
subsupermanifold of JF^'*. Recall that formulas (III. 22) together with (III. 30) define a 
projection 

onto mini-supertwistor space P^'^. The fibers over points p G P^'^ of this projection are 
real one-dimensional spaces £p = Ii parametrized by w'^. Note that the pull-back to JF^'^ 
of the real structure te on "P^l^ given in (III. 18) reverses the orientation of each line ip, 
since te{w^) = —w^. 

In order to clarify the geometry of the fibration (III. 31), we note that the body JF^ = 
IR^ X S"^ of the supermanifold JF^I* can be considered as the sphere bundle 

S{TR^) = {{x,u) e TR^ I Srsu'u' = 1} ^ x (III.32) 



^In the purely even case, a CR five-dimensional manifold can be constructed as a sphere bundle over 
an arbitrary three-dimensional manifold with conformal metric [143]. 



III.l Cauchy-Riemann supermanifolds 



53 



whose fibers at points x G are spheres of unit vectors in T^H^ [113]. Since this bundle 
is trivial, its projection onto is obviously 7T2{x,u) = x. Moreover, the complex two- 
dimensional mini-twistor space can be described as the space of all oriented lines in 
R^. That is, any such line i is defined by a unit vector in the direction of i and a 
shortest vector v''' from the origin in to i, and one can show [113] that 

p2 = {{v,u) eTR^\6rsU'^v' = 0, 6rsu'u' = l} ^ TCP^ = Ccpi(2). (111.33) 

The fibers of the projection vti : R'^ x S*^ are the orbits of the action of the 

group $f ' = R on R^ X S"^ given by (f*", u"") t— > [v"^ + tu''', w'') for t e R and 

p2 ^ R3 X ^V^'- (111.34) 

Recall that JF^ = R^ x S*^ is a (real) hypersurface in the twistor space V^. On the 
other hand, is a complex two-dimensional submanifold of JF^ and therefore 

Similarly, we have in the supertwistor case 

-p2|4 ^ jr5|8 ^ p3|4_ 

The formulas given in (111.19) and (111.29), respectively, define a coordinate transfor- 
mation {y,y,x^, X±,X±,r]f) i-H> (w%,rif) on JF^'^. From corresponding inverse formulas 
defining the transformation {w'^,r]f) i-^ iy,y,x^, X±,X±,r]'j'), we obtain 



dw\ \dy dx^ dy ^ 

^ + 2^l{x^ + X^y)Wt - ll{y - 2A+a;3 - Xly)Wt - 7+r/jK[, (111.35) 



dw 



2 



^ 27+ fA+l: + + i(l - A+A+)^ ) =: W^, , 



dw\ \ dy dy 2 dx'^ 

as well as 



9wl \ dy dx^ dy ^ 

^ + 27! (x^ - A„y)iyr + 7!(A!y - 2A_x3 - y)W,- + i^f^Vl (111.36) 



2 



dw 
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where W2 '■= gf^^- Thus, when working in the coordinates {y,y,x^, X±,X±,r]f) on V± C 
^^1^, we will use the even vector fields with a = 1, 2, 3 and the odd vector fields 
together with their complex conjugates ^^"^ ^5 respectively. Note that the vector 
field is real! 

Hence, we learn that when using the coordinates (?/"^, A^, A^, ?7f ), the CR tangent 
sheaf T(i^jF^I* is freely generated by 

Wt = A^A£9(„^), = d,,, W,^ = 27±A^A^9(^^), 

. d (111.37) 

while Tq^^^I^ is generated by 

It is not too difficult to see that forms dual to the vector fields (III. 37) and (III. 38 



= -AiAi9(^^), = d-,^, VI = Ai£-. (III.38) 



are 



©1 := TlA^Aldy'^^ el := dA±, ei := -7±A^A|di/"^ 



(III.39) 



Et := 7±)^Tidnf 
and 

©1 = -7|A^Ajd|/"^ el = dA±, Ef = -7±A^dr/f, (III.40) 
where Tj-' has been given in (1.74). The exterior derivative 3 on JF^'* reads as 

^Iv, = di/^i^ + ^^i^lf + ^^t^ = ^iwt + elw,^ + Em- (ni.4i) 

Note again that e| and are both real. To homogenize the notation later on, we shall 
also use and d^± instead of and d^± , respectively. 



III. 2 Partially holomorphic Chern-Simons theory 

We have discussed how mini-supertwistor and CR supertwistor spaces arise via dimen- 
sional reductions from supertwistor space of four-dimensional space-time. Subject of this 
section is the discussion of a generalization of Chern-Simons theory and its relatives to 
this setup. We call the theory we are about to introduce partially holomorphic Chern- 
Simons theory or phCS theory for short. Roughly speaking, this theory is a mixture of 
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Chern-Simons and liolomorphic Chern-Simons (hCS) theory on the CR supertwistor space 
J^^\^ which has one real and two complex even dimensions. This theory is a reduction of 
hCS theory on P^'^. As we will show below, there is a one-to-one correspondence between 
the moduli space of solutions to the equations of motion of phCS theory on JF^I* and the 
moduli space of solutions to the supersymmetrized Bogomolny equations on R"^, quite 
similar to Thm. II. 2. for A/'-extended self-dual SYM theory. 

§111.6 Partially flat connections. Let X be a smooth supermanifold of real dimension 
m\n and T^X the complexified tangent sheaf of X. A locally direct subsheaf ,^ C T^X is 
integrable if i) ^^^S/' has constant rank r\s and ii) S/' and S/'^S/' are closed under the Lie 
superbracket. Note that a CR structure is the special case of an integrable distribution 
^ with r\s = 0|0. 

For any smooth function / on X, let d^f denote the restriction of df to i.e., d^ 
is the composition 

Sx ^ T*X ^ £r\ (III.42) 

where 3^* denotes the sheaf of smooth complex- valued differential one-forms dual to 
cf., e.g., Rawnsley's discussion for the purely even case [213]. The operator d^ can be 
extended to act on relative differential /c- forms denoted by Q^^{X) := A^^*, 

d^ : rt%{X) ^'P^\X). (III.43) 

Let £^ be a complex vector bundle over X. A connection on S along the distribution 
^ - a e^J^-connection - is an even morphism of sheaves 

: ^ -> n]^{X)(g)£ (III.44) 

satisfying the Leibniz formula 

V^(/^) = /V^a + d^/®c7, (III.45) 

where a is a local section of S and / is a local smooth function. This ^-connection 
extends to 

: ft%{X,S) Q''+\X,S), (III.46) 
where il''^{X,E) := f2|^(X) ® S. Locally, has the form 



= d^ + A^, 



(III.47) 
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where the standard End <^-valued ^-connection one- form A sr has components only along 
the distribution ST . As usual, V^r naturally induces 

G r(X,fi^(X) (g)End£) (III.48) 

which is the curvature of Ag-- We say that is flat, if T g- = 0. For a flat Vg, 
the pair {S, V g) is called a vector bundle. In particular, if ^ is a CR structure 

then (£^,V^) is a CR vector bundle. Moreover, if S/' is the integrable sheaf T^'^X on 
some complex supermanifold X then the ^-fiat complex vector bundle V^^) is a 
holomorphic bundle. 

§111.7 Field equations on the CR supertwistor space. Consider the CR super- 
twistor space JF^'® and a distribution generated by the vector fields W^, W^, from 
the CR structure ^ and W^. This distribution is integrable since all conditions described 
in §111.6 are satisfied, e.g., the only nonzero commutator is 

[Wt,Wt] = ±2jIW^ (III.49) 

and therefore ^ is closed under the Lie superbracket. Also, 

y := SrnW (III.50) 

is of (real) rank 1|0 and hence integrable. The vector field is a basis section for Y 
over the patches V± C J^^l^ Note that mini-supertwistor space P ' is a subsupermanifold 
of JF^I* transversal to the leaves of Y = ^ Ci ^ and furthermore, ^\p2\4 = Qi. Thus, we 
have an integrable distribution ST defined by 

^ TT^r^'Vi' sr ^ (fi^'°(j^5|«)/7r*fi^'°(p2|4))* ^ (III.51) 

on the CR supertwistor space JF^I* and we will denote by ^ its part generated by the 
even vector fields Wf, and , 

% := {wtMM)- (in-52) 

Let £^ be a trivial rank r complex vector bundle over JF^'® and Ag .^-connection 
one-form on E with ST given by (III.51). Consider now the subspace X of JF^'* which is 
parametrized by the same even coordinates but only the holomorphic odd coordinates of 
.F^'^, i.e., on A", all objects are holomorphic in r\f . As it was already noted, the mini- 
supertwistor space is a formal Calabi-Yau supermanifold. In particular, this ensures the 
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existence of a holomorphic volume form on P^'^. Moreover, P^'^ C JF^'^ and the pull-back 
of this form is globally defined on JF^'^. Locally, on the patches V± C J-'^^^, one obtains 

= ±dwl A dwldri't ■ ■ ■ dr]^ . (111.53) 

This well-defined integral form allows us to integrate on X by pairing it with elements 
from Assume that A^r neither contains antiholomorphic odd components nor 

depends on f]f, 

Vi^Asr = and Vl{A^) = 0, with A^ := W^jA^, (111.54) 
that is, A^r € ,EndS). Now, we introduce a CS-type action functional 

S = fiAtr {^^Ad^^^ + I^jr A^^r A^jr}, (111.55) 
Jx 

where 

is the ^-part of the exterior derivative d on JF^'^. 

The action (111.55) leads to the CS-type field equations 

d^A^ + A:^ AA^r = 0, (111.57) 

which are the equations of motion of partially holomorphic Chern-Simons (phCS) theory. 
In the nonholonomic basis {W^, V^) of the distribution ^ over V± C JF^'^, these equations 
read as 

W^Af-W^Af + [Af,At] = , 
WtAf - WtA^ + [Al Af] T 2^iAf = 0, (111.58) 
WfAt - W^A^ + [At Af] = 0, 
where the components A^ have been defined in (111.54). 

§111.8 Equivalence to supersymmetric Bogomolny equations. Note that from 
(III.37) and (111.38), it follows that 

W+ = XlW^, W+ = -XfW^ and -f^W^ = A+A+ {iZ^W^) (III.59) 

and therefore Af, Af and 'j^^Af take values in the bundles Ocpi{2), 0(s;^pi{—2) and 
Ocpi{l) ® Ocpi{l), respectively. Together with the definitions (111.54) of Af and the 
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fact that the rjfs are n0(cpi(l)-valued, this determines the dependence of on rj^, X± 
and X± to be 

Af = -\%B^ and Af = 27±A|S± (111.60) 

with the abbreviation 



(III.61) 



and 

At = ±l^jlvtvfW^' ± h^^MviK^' ± hlvtvfvUr>^l>^lG'i;'. (111.62) 

The expansions (III. 61) and (III. 62) are defined up to gauge transformations generated 
by group- valued functions which may depend on A± and X±. In particular, it is assumed 
in this twistor correspondence that for solutions to (III. 58), there exists a gauge in which 
terms of zeroth and first order in r]f are absent in Af. Recall that in the Cech approach, 
this corresponds to the holomorphic triviality of the bundle defined by such solutions 
when restricted to projective lines. Putting it differently, we consider a subset in the 
set of all solutions of phCS theory on JF^'^, and we will always mean this subset when 
speaking about solutions to phCS theory. 

Note that in (III. 61) and (III. 62), all coefficient fields B^0,Xa, ■ ■ ■ depend only on y"^. 
Furthermore, not all of them represent independent degrees of freedom. Upon substituting 
the superfield expansions (III. 61) and (III. 62) into the first two equations of (III. 58), we 
find the relations 



xiH^ = -^9..(«Jf + |e„^,Jflj, (III.63) 

showing that W^-' y*"'-. and G^-'-.. are composite fields. Furthermore, the field B-a can 

o o 

be decomposed into its symmetric part, denoted by A^p = -^(a/j), and its antisymmetric 

o 

part, proportional to $, such that 
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Hence, we have recovered the covariant derivative V^,^ = <9(q,^) + A^^ and the (scalar) 

o 

Higgs field $. Defining 

Xia ■= h^ijkixf and G^^ := yijkiG'lf , (III.65) 
we have thus obtained the supermultiplet in three dimensions: 

o o 

We shall again abbreviate Wij := ^eijkiW^''. Eqs. (III. 58) together with the field expan- 
sions (III. 61) and (III. 62), the constraints (III. 63) and the definitions (III. 64) and (III. 65) 
yield the maximally supersymmetrically extended Bogomolny monopole equations: 

o o 
2 t*^' Xa] 5 

i[l>,[W^^^I>]]-6<^^{x^„?.}, (III.66) 

which can also be derived from Eqs. (11.36) by demanding that all the fields in (11.36) are 
independent of the coordinate x^. Here, we have introduced the abbreviation 

A := ie"/^e^^V..v^^. (111.67) 

Note that (HI. 53) can be rewritten as f^ly^ = ±9j_ A Qj.drjf ■ ■ -drjf, where the dif- 
ferential one-forms 6^^ have been given in (HI. 39). Substituting this expression and the 
expansions (HI. 61) and (HI. 61) into the action (HI. 55), we arrive after a straightforward 
calculation at the action 

S = [ d'xtr{G''^ + iV,,l) + X^"V,,xf + lW.,AW^^ + 

J ^ \ J (111.68) 

producing (HI. 66). 



o o 

^ ^ apXi-y 
o o 
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§111.9 PhCS theory in the Cech description. Our starting point in §111.7 was to 
consider a trivial complex vector bundle E over JF^I^ endowed with a ^-connection. Such 
a <^F-connection Vjr = d^ + A,y on E is flat if Asr solves Eqs. (III.57), and then 
/ = {If.}, Vjr) is a <^7-flat bundle in the Dolbeault description. As for holomorphic 
vector bundles (cf. Sec. ILl), one may turn to the Cech description of ^-flat bundles 
in which the connection one-form A,"^ disappears and all the information is hidden in a 
transition function. In fact, let £^ — X be a rank r\s complex vector bundle over some 
smooth supermanifold X and denote by 

H^^{X,£) = r(X,2l^)/r(X,6) (III.69) 

the moduli space of phCS theory, where St^r is the sheaf of solutions to (III.57) and 
(5 = GL{r\s,Sx), as before. Furthermore, we shall need the subsheaf Cx C Sx of 3^- 
functions on X, that is, d^-/ = for / G T{U,Cx) as well as the sheaf £ := GL{r\s,Cx)- 
Quite generically, we may then state the following theorem: 

Theorem III.l. Let X be a smooth supermanifold with an open Stein covering il = 
{Ua} and S ^ X be a rank r\s complex vector bundle over X . Then there is a one-to- 
one correspondence between ^{X,S) and the subset of H^{X,€) consisting of those 
elements of H^{X, <t) representing vector bundles which are smoothly equivalent to S, i.e., 

where fab = ^a^fab^b for some = {i^a} e 6). 

The proof is similar to the one of Thm. II. 1. For that reason, we shall omit it here 
and instead continue with our example. 

Consider our smoothly trivial vector bundle S JF^'® from above. Since the ^- 
connection one-form is flat, it is given as a pure gauge conflguration on each patch 
and we have 

As\v^ = ^±d^^l\ (III.70) 
together with the gluing condition 

^+d^^;i = i^.d^^p-J (III.71) 

for the trivial bundle 8. Therefore, we can deflne a ^-flat complex vector bundle 8 J-'^^^ 
with the canonical flat ^-connection d ^ and the transition function 

/+„ := V'TV- (in.72) 
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The condition d^f^^ = reads explicitly as 

iy+/+_ = 0, w+u^ = 0, viU- = 0, 

1J+ , 2J+ , +J+ ^^^^^^^ 

w+U- = 0. 

Recall that the vector fields appearing in the first line generate the antiholomorphic distri- 
bution which is the chosen CR structure. In other words, the bundle S is holomorphic 
along the mini-supertwistor space P^'^ C JF^'^ and flat along the fibers of the projection 
TTi : JF^I^ — > P^l^ as follows directly from second line of (III. 73). Let us now addition- 
ally assume that S is R'^l^-trivial, that is, holomorphically trivial when restricted to any 
projective line 'CP^^^ ^ JF^I*^ given by (III. 20). Recafl that this assumption was already 
used in (III. 62). As before, this extra ingredient guarantees the existence of a gauge in 
which the component Af oi A^r vanishes. Hence, there exist G'L(r, C)-valued functions 
^ = {4)+,^-}e C°(2J, 6) such that 

/+_ = = with w:t^± = (III.74) 

and 

g := = i^Jz' (III.75) 
is a matrix-valued function generating a gauge transformation 

^ ^± = ^-V±, (111.76) 

which acts on the gauge potential according to 



(III.77) 



In this new gauge, one generically has A^^ ^ 0. 

Note that (III. 70) can be rewritten as the following linear system of differential equa- 
tions: 

{W^^A^)^^ = 0, 

" (III.78) 
= 0. 

The compatibility conditions of this linear system are Eqs. (III. 58). This means that for 
any solution A^ to (III. 58), one can construct solutions ■ip± to (III. 78) and, conversely. 



A^ K 


- At 


= 9' 


''At9 + 9-'W^9 = 




At H 


- At 


= 9' 


~'At9 + 9^'Wh = 




Af H 


- Af 


= 9~ 


^'Atg + g-'Wt9 = 




= Ai := i^±Vl^z' H 


- A 


= 9~ 


''Kg = ^P^Vl^Z\ 





62 



Supersymmetric Bogomolny monopole equations 



for any given il)± obtained via a splitting (III. 72) of a transition function /_|_„, one can 
construct a solution (III. 70) to (III. 58). 

Similarly, Eqs. (III. 77) can be rewritten as the gauge equivalent linear system 

{W^+A^)i^± = 0, 
W^ii^i = 0, 

(III.79) 

{Wt + At)i:± = 0, 

(K[ + iyv;± = 0. 

Note that due to the holomorphicity of ifj± in A± and the condition = on V+ fl V_, 
the components Af, 'y^^Af and A^^ must take the form 

Af = -XiXiB.^, ^z'Af = 2Xixil3.^ and A!^ = A^^^, (III.80) 

with A-independent superfields B^0 := A^0 — ^<^af3^ -^'a- Introducing the first-order 
differential operators D^^ = + B^^ and = + ^^6?; arrive at the following 
compatibility conditions of the linear system (III. 79): 

[D^„ D^s] + Df,^] = 0, [V^, D^^] + [V^, D^J = 0, 

(iii.ol ) 

{V^.,V^^} + {V^,Vi} = 0. 

These equations also follow from (III. 57) after substituting the expansions (III. 80). These 
equations can be understood as the constraint equations of our supersymmetric Bogo- 
molny model. In fact, proceeding as in §11.6, we can derive all the superfields together 
with their field expansions and the equations of motion they are subject to. Eventually, 
one finds (III. 66). So, let us only sketch this way. 
Eqs. (III.81) can equivalently be rewritten as 

[D^i^Dps] = S^S^/^, [V^,/^;3,] = and {V^,Vj} = e,^E^^ (III.82) 

where S^^ = and S*-' = — S-'*. Note that the first equation in (III. 81) immediately 
shows that /^^ = — ^Vq,^$ and thus the contraction of the first equation of (III. 82) with 
e'^^ gives S^^ = /^^ — ^V^^$ = 2/^^. The Bianchi identities for the differential operators 
and V*^ yield in a straightforward manner further field equations, which allow us to 
identify the superfields and S*-' with the spinors and the scalars respectively. 



Moreover, Xia is given by Xia ■= ^eijkiV^W''^ and G^^ is defined by G^^ := -j'^l^Xi 
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Collecting the above information, one obtains the equations of motion for the superfields 
A^0, Xi! W^^ , Xia and which take the same form as (111.66) but with all the 
fields now being superfields. Thus, the projection of the superfields onto the zeroth order 
components of their ?7-expansions gives (111.66). 

To extract the physical field content from the superfields, we need their explicit ex- 
pansions in powers of r/". For this, one again imposes the transversal gauge condition 
(11.28). The constraint equations (111.82) together with the Bianchi identities yield the 
recursion relations analogously to Eqs. (11.30). In fact, one simply needs to dimensionally 
reduce (11.30) to obtain the recursion relations for the present setting. Then by iterating 
the equations one may compute the superfield expansions. Furthermore, as in §11.6 one 
deduces the one-to-one correspondence between the constraint equations (111.82) and the 
field equations (111.66). We shall come back to this issue when dealing with explicit 
solution construction algorithms for Eqs. (111.66) in Sec. 111.5. 



In the preceding section, we have defined a theory on the CR supertwistor space JF^'® enter- 
ing into the double fibration (111.21) which we called partially holomorphic Chern-Simons 
theory. We have shown that this theory is equivalent to a supersymmetric Bogomolny- 
type Yang-Mills-Higgs theory in three Euclidean dimensions. The purpose of this section 
is to show, that one can also introduce a theory (including an action functional) on mini- 
supertwistor space P^'^, which is equivalent to phCS theory on JF^'^. Thus, one can define 
at each level of the double fibration (111.21) a theory accompanied by a proper action 
functional and, moreover, these three theories are all equivalent. 

§111.10 Field equations of hBF theory on P^'^. Consider the mini-supertwistor 
space P^l^. Let E he a trivial rank r complex vector bundle over "P^'^ with a connection 
one-form A. Assume that its (0, l)-part A^'^ contains no antiholomorphic odd compo- 
nents and does not depend on f]f, that is, V^jA^'^ = and V^{d^i,2 jA^'^) = 0. Recall 
that on "P^'^ we have a holomorphic volume form which is locally given by (111.17). 



Hence, we can define a holomorphic BF (hBF) type theory - as introduced and discussed 
in Refs. [206, 126, 128, 27] - on P^K ^j^j^ ^^e action 
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s 



n A tT{B{dvA^'^ + A ^°'^)} 



n A tr{5J^°'2}. 



(111.83) 
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Here, i? is a scalar field in the adjoint representation of the group GL{r, C), d-p is the 
antiholomorphic part of the exterior derivative on P^'^ and J-'^'^ the (0, 2)-part of the 
curvature two-form. The space y is the subsupermanifold of "P^'^ constrained by fjf' = 0. 
The equations of motion following from the action functional (III.83) are 

drA'^' + A^'^AA"'' = 0, 

(III.84) 

dvB + [A''^\B] = 0. 

These equations as well as the Lagrangian in (III.83) can be obtained from Eqs. (III.57) 
and the Lagrangian in (III.55), respectively, by imposing the condition d^:^Au,a^ = and 
identifying 

A^'^\v± = dwlAisi + dwlAi^2^ and := 5|v± = A^^a^. (III.85) 

Note that .4^)3^ behaves on P^'^ as a scalar. Thus, (III. 84) can be obtained from (III.57) 
by demanding invariance of all fields under the action of the group from §111.5 such 
that p2|4 ^ jr5|8/^/_ 

§111.11 Cech description. When restricted to the patches V±, Eqs. (III.84) can be 
solved by 

^0.1 = ip±dvip±^ and B^ = ^±B^^^\ (III.86) 
where Bq is a holomorphic 0[(r, C)-valued function on V±, 

dvB^ = 0. (III.87) 

On the intersection V+ fl V_, we have the gluing conditions 

i^+Bri'-^ = ^-Bv^Z^ and ^+B+{Ij-^ = ^-B^^Z^ (III.88) 

as ii^ is a trivial bundle. From (III.88), we learn that 

/+_ := (III.89) 

can be identified with the holomorphic transition function of a bundle E with the canonical 
holomorphic structure d-p, and 

So+ = h-B^n'^. (111.90) 
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i.e., Bo e H^{V^\^,EndE) and B e H^{V^\'^,EndE). Note that the puU-back 7r*E of the 
bundle E to the space .7-"^'^ can be identified with the bundle £, 

£ = irlE, (III.91) 

with the transition function /+_ = ^^'^^^ = ^p^^^^ if one additionally assumes that 
E is R^l^-trivial, that is, holomorphically trivial on any GP^^ ^ "P^l^. Recall that the 
transition functions of the bundle £ do not depend on and therefore they can always 
be considered as the pull-backs of transition functions of a bundle E over P^'^. 

§111.12 Moduli space. By construction, B = {B^} is a gi{r, C)-valued function gener- 
ating trivial infinitesimal gauge transformations of A^'^ and therefore it does not contain 
any physical degrees of freedom. Remember that solutions to the first equation of (III. 84) 
are defined up to gauge transformations 

^0,1 ^ ^0,1 _ gA^^^g-^ + gdpg-^ (III.92) 

generated by smooth GL(r, C)-valued functions g on P^'^. Clearly, the transformations 
(III. 92) do not change the holomorphic structure V°'^ on the bundle E. On infinitesimal 
level, the transformations (III. 92) take the form 

6A^'' = dpB + [A^^\B], (III.93) 

with B E if°('P^I^, End -E) and such a field B, solving the second equation of (III. 84), 
generates holomorphic transformations such that 6A^'^ = 0. Their finite version is 

^0,1 ^ gA^'^g-'+gOvg-' = A"'', (III.94) 

and for a gauge potential A^'^ given by (III. 86), such a g takes the form 

9± = ^±e^°i'Z\ with g+ = g- on V+nV_. (III.95) 

§111.13 Summary. Collecting all the things derived in the preceding sections, we may 
now summarize our discussion as follows: 
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Theorem III. 2. The are one-to-one correspondences between equivalence classes o/R^'*- 
trivial holomorphic vector bundles E over mini-supertwistor space P^'^, equivalence classes 
of H^^^ -trivial ^-flat vector bundles £ over CR supertwistor space JF^'^ - all being smoothly 
trivial - and gauge equivalence classes of local solutions to the maximally supersymmetrized 
Bogomolny monopole equations on J^? . 

By virtue of Thms. II. 1. and III.l., we let i) H^o^iiV"^^^, E) be the moduli space of 
hBF theory on "P^'^ for vector bundles E smoothly equivalent to E and ii) H^^{J-'^^^,£) 
be the moduli space of phCS theory on JF^'* for vector bundles £ smoothly equivalent to 
£, respectively. Then we have the bijections 

H^o4V^\\E) = H^^{T'\^£) = M,B, (III.96) 

where A^sB denotes the moduli space of the supersymmetric Bogomolny monopole equa- 
tions on obtained from the solution space by quotiening with respect to the group of 
gauge transformations. 

Pictorially, we have established the following diagram: 

phCS theory on JF^'® 

\ 

supersymmetric 
hBF theory on P^'^ " Bogomolny model on 

III. 4 Massive fields 

In [73] (see also the subsequent work [74]), Chiou et al. developed a twistor string theory 
corresponding to a certain massive SYM theory in three dimensions. It was argued, that 
the mass terms in this theory arise from coupling the R-symmetry current to a constant 
background field when performing the dimensional reduction. In this section, we want 
to study the analogous construction for the supersymmetric Bogomolny model which we 
discussed in the previous sections. We focus on the geometric origin of the additional 
mass terms by discussing the associated twistor description. More explicitly, we establish 
a correspondence between holomorphic bundles over the deformed mini-supertwistor space 
introduced in [73] and solutions to massive supersymmetric Bogomolny equations in three 
dimensions. 
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§111.14 Mini-supertwistor and CR supertwistor spaces as vector bundles. We 

start from the observation that mini-supertwistor space P^'^ can be considered as the 
total space of a rank 0|4 holomorphic vector bundle over mini-twistor space P^, that is, 

^ (111.97) 

The mini-twistor space is covered by two patches, say W±, with coordinates w\. and 
w\. The additional fiber coordinates in the vector bundle P^'^ over are the GraBmann 
variables rff . For later convenience, we rearrange them into the vector 77^ = {rff). On 
yV+ n W- , we have the relation 

r/+ = (111.98) 

with the transition function 

= wl{5,^) = wlU. (111.99) 

The CR supertwistor space JF^'^ is a CR vector bundle, i.e., it has a transition function 
annihilated by the vector fields d^i^, d^2^ from the distribution ^ on J^^, over the CR 
twistor space J^^ = R^ x S"^, 

J^^l* (111.100) 

with complex fiber coordinates rjf over the patches VV± covering JF^. Recall that we have 
the double fibration 

J^y^ (111.101) 

in the purely even case and the transition function of the vector bundle (111.100) can be 
identified with 

= \+iSi) = A+I4, (111.102) 

i.e., we have the same transformation (111.98) relating 77+ to 77" on VV+ fl VV_. Note that 
our notation often does not distinguish between objects on and their pull-backs to JF^. 
Thus, we arrive at the diagram 




(111.103) 



p2 
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combining tlie double fibrations (III. 21) and (III. 101). 

§111.15 Deformed mini-supertwistor and CR supertwistor spaces. Let us define 
a holomorphic vector bundle 

^ (III. 104) 

with complex coordinates f/^ = (fjf) on the fibers over >V± C which are related by 
the transition function 

= wle^+ (III. 105) 

on the intersection W+ fl W_, i.e., 

ri+ = (III.106) 

For reasons which will become more transparent in the later discussion, we demand that 
M is traceless and Hermitian. It is also assumed that M is constant. 

This supermanifold V^^^ was introduced in [73] as the target space of twistor string the- 
ory^ which corresponds by our subsequent discussion to a SYM theory in three dimensions 
with massive spinors and both massive and massless scalar fields. In the following, we 
provide a twistorial derivation of analogous mass terms in our supersymmetric Bogomolny 
model and explain their geometric origin. 

Consider the rank 0|4 holomorphic vector bundle (III. 104) and its pull-back 

J^f ■= vivlf (III. 107) 

to the space from the double fibration (III. 101). Note that the supervector bundle 
—>■ is smoothly equivalent to the supervector bundle JF^'*^ since in the 

coordinates (y"^, A±, A±) = (y, y, a;^, A±, A±) on ^ the pulled-back transition function 
can be split 

= A+e^+^ " ^ = ^+{X+U)^Z^ ~ A+I4. (III.108) 

Here, 

= e-(^'+^+S)M ^ ^Xty-Hl ^_ ^ e(x3-A_,)M ^ g-AT,^iM (HI. 109) 

^For this, Vf^\^ has to be a formal Calabi-Yau supermanifold, which is the reason underlying the above 
restriction to trA/ = 0. 
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are matrix- valued functions well-defined on the patches VV+ and VV_, respectively. Re- 
member that fjl' and fj' are related by (111.106) and their pull-backs to JF^ (which we 
denote again by the same letter) are related by the transition function (111.108). There- 
fore, we have 

{ip-'fi+) = XA^-Jr)- (in.iio) 

From this we conclude that 

fl+ = <^+r/+ = e^iy^'^^r]^ and r/" = ^_r]- = e-^^^^'^^r]^ , (111.111) 

where 77^ = (rjf) are the fiber coordinates of the bundle (111.100) related by (111.98) on 
the intersection W+ fl W_ . 

The fibration JF^ can also be understood in the Dolbeault picture. It follows 

from (111.111) that 

W^fj^ = 0, W^fjf = and W^f]f + Mi^fjf = 0. (111.112) 

Recall that the vector fields generate an integrable distribution J% = (Wa) together 
with the operator 

d^Jw, = d<^, (111.113) 

which annihilates the transition function (111.108) of the bundle (111.107). Due to formulas 
(111.108) and (111.112), the vector bundle J-'^j^ with canonical ^-fiat connection d^r^ is 
diffeomorphic to the vector bundle JF^'® with the =^-fiat connection Vj?-^ = d^^ + A^^^ the 
components = W^jA^^ of which are given by 

^± = 0, = and Af = M. (111.114) 

In other words, we have an equivalence of the following data: 

(.F3^^,d^J ~ (^^^¥. = {A+l4},V5-J. (111.115) 

By construction, the connection one- form Ag-^, given explicitly in (111.114), is a solu- 
tion to the field equations 

d^,^^, + A ^55, = (111.116) 

of phCS theory on JF^, which are equivalent via the arguments of §111.8 to the Bogomolny 
equations on R^. Due to this correspondence, (111.114) is equivalent to a solution of the 
Bogomolny equations with vanishing YM gauge potential a^^ and constant Higgs field 

= {<P^) = -i{M/), (111.117) 
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which takes values in the Lie algebra su(4) of the R-symmetry group SU{4). Thus, the 
data (III. 11 5) are equivalent to the trivial vector bundle R'^'® — > together with the 
differential operator 

= ^M) - b^f^M (III.118) 
encoding the information about the matrix M, i.e., 

(^S^^,d5-J ~ (^'^^,V^J ~ {R'\\DJ. (111.119) 

Note that the gauge potential A^^ corresponding to^ Ag G u(r) in a different basis and 
the Higgs fields $ G u(r) considered in Sec. III. 2 can be combined with a^^ and (p into 
the fields 

A^0®li + lr^a^0 and $ ® I4 + 1,- ® (III. 120) 

acting on the tensor product Vu^r) ® Vsuii) of the (adjoint) representation space Vc/(,.) of 
the gauge group and the representation space Vsu(4:) of the R-symmetry group. 

2|4 

For the sake of completeness, we note that the deformed complex vector bundle Pj^j — >■ 
with the transition function (^+_ from (III. 105) and the holomorphic structure 

aiw, = d^i^ + d^l^ (III.121) 

is smoothly equivalent to the bundle "P^'^ with the transition function Lp^ from 

(III. 99) and the holomorphic structure defined by the fields J\P'^ and B with the compo- 
nents 

= 0, A^2 = T ,, , 2-2N2 ^ ^± = ^^l = ^- (III- 122) 

The fields J\P'^ and 5 obviously satisfy the field equations 

9;,^°'' + A = and di,B + [A'^^\ B] = (III.123) 

of hBF theory on V^. By repeating the discussion of Sec. III. 3, one can now show the 
equivalence of the data 

{Vf,^d,) ~ (P2|^^ = {A^.14},V°'^) ~ (^f,(^,d^J, (III.124) 



which extends the equivalences described in (III. 119). 

•^Here, As with s = 1, 2, 3 are the eomponents of the ordinary gauge potential in three dimensions. 
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§111.16 The deformed CR supertwistor space as a supermanifold. For devel- 

5|8 

oping a twistor correspondence involving the deformed CR supertwistor space JF^} , the 
description of as a rank 0|4 complex vector bundle with a constant gauge potential 
(111.114) which twists the direct product of even and odd spaces is not sufficient. We 

r-5|8 

'm 



5|8 

rather have to interpret the total space of JF, I as a supermanifold with deformed CR 



structure and deformed distribution 3^m- 

Let us begin with the vector fields on T^^. Remember that a covariant derivative 
along a vector field on the base space of a bundle can be lifted to a vector field on the 
total space of the bundle. In our case of the bundle (111.107), the lift of (111.112) reads as 

Wtvt = 0, Wtvt = and (w^ + M.^fjf^'^ f^f = 0. (111.125) 

To see the explicit form of the vector fields corresponding to the integrable distribution 



^ dw^ drj: 

on J-"^^, it is convenient to switch to the coordinates (|/°^, A±, A±, 77") by the formulas 



wl = A^A^y'^^ wl = A± and = -j^xfx^^y^P, 



Vt = (^e^<i^"'-j^ v^X^ and fj- = (^e"-^. ^"^'^ j ^ v^Xr. 
By a straightforward calculation, we obtain 



(111.127) 



(^Vi 111.128 



where 



± 
2 ' 



Wf := WtT\±{TMT)f\^7]';Vl := W. 



(111.129) 



and W^,Vi,Vi and 0|,e^ were given in (111.37)-(111.40) and (AB),^ := Ai'^Bk^. Ac- 
tually, the formulas (111.127) and their inverses define a diffeomorphism between the 
supermanifolds J^^^ = {R^^^ x S^, ^m) and J^^l^ = (R^ls x S^,^) which have different 
integrable distributions and ^ (and different CR structures). 
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2l 4 

Next we need the vector fields on V^j . In the above discussion, we used a transfor- 
mation from the coordinates f^f to the coordinates r]f on J^^j^, which are (pulled-back) 
sections of n(9(cpi(l). The corresponding splitting of the transition function was given 
in (III.108)-(III.110). One can find a similar splitting of the transition function (III. 105) 
also on the complex supermanifold V"^^ and obtain new coordinates fjf, which are sections 
of n(9(cpi(l), as well. Explicitly, we have 

1 i-^ -4-M — +,s ,s M — Wa-/ — ~, M 

which yields the formulas 

~+ ^ glT^^ ^+ r/- = e ^+™-'"- r)-. (III.130) 

From this and (III. 106) it follows that 

fit = wlf,- (III.131) 

and these coordinates have the desired property. Furthermore, in the (0, l)-part of the 
differential 

= d^i% + d^l (9^. T 7lwlM^f,fd^±^ + (III- 132) 

+ {dfjt ± 7i^iWf du;|) d^±, 

where we introduced w^'^ = w]:'^ for clarity, we see explicitly the deformation of the 
complex structure from "P^'^ to vfj^. Note that the coordinates fj^ can be pulled-back to 
J-'^, and there they are related to the coordinates rj^ by 

^± = e-'"'^^//^. (III. 133) 

5|8 

§111.17 Mass-deformed Bogomolny equations from phCS theory on JF^[ . Now 
we have all ingredients for discussing phCS theory on deformed CR supertwistor space 
J-^^. The deformed mini-supertwistor space Vlf fits into a double fibration 

^5|8 
TTl/ \7r2 



(III. 134) 
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similarly to the undeformed case M = 0. Recall that we had a holomorphic integral form 
on "P^l^ locally defined by 

= ±dwl A dwldrif ■ ■ ■ dr]^ . (111.135) 

One can extend Q to a. nonvanishing holomorphic volume form 

fi*^|v± = ±dwi A dwldfjf ■ ■ ■ dfjt (111.136) 

on Vj^j if and only if trM = [73]. This is the reason why we imposed this condition 
from the very beginning. Similarly to the discussion of phCS theory on JF^'^ in Sec. 111.3, 
we consider a subsupermanifold of J-'f^ which is defined by the constraints f/^^ = 0. 
Clearly, the latter equations are equivalent to f]f = and therefore Xm is diffeomorphic 
to X. Note that the pull-back of the holomorphic integral form (111.136) to J-'lf coincides 
with irlQ, 

■= 7r*fi^%^ = ±ei A eldry^ • • • dry^ = ±6^ A G^dr/^ ■ ■ ■ dr/J (III.137) 

which is due to (III. Ill) and the tracelessness of M. 

From here on, we proceed as in Sec. 111.3 and consider a trivial rank r complex vector 
bundle over the CR supertwistor space J^lf with a connection A^rf,^ along the integrable 
distribution defined in (III. 126) and (III. 128). By assuming that V^^A^j^j = and 
V^iyV^ ^A^j^j) = 0, we may define the action functional 

S = [ f^^'Atr{^^„ Ad^„^^„ + |^^,, A^^,, A^^„} (III.138) 

of deformed phCS theory. The equations of motion keep the form (III. 57) up to relabeling 
^ by and in components A"^ := W^jAstmi '^6 have 

W^At-WtAt + [At,At] = 0, 



WtAt - WtAt + [At, At] T 27|^f = M/r/±^^±, (ni.l39) 

d 



WMt-WtAf + [Af,At] = M/vt^Af 



where the vector fields (III. 129) have already been substituted. The dependence of the 
components A^ on A-|-,A-|- and rjf is of the same form as the one given in (III. 61) but 
with coefficient functions obeying M-deformed equations. 



74 



Supersymmetric Bogomolny monopole equations 



Substituting the expansions of tlie form (III. 61) for and our vector fields into 
(III. 139), we obtain mass-deformed supersymmetric Bogomolny equations: 

/d/3 = -|V^^I>, 

Eqs. (III. 139) show that, as in the undeformed case (III. 58), some of the fields ap- 
pearing in the expansions of are not independent degrees of freedom but composite 
fields. In fact, we find 

Finally, upon substituting our superfield expansions for into the action (III. 138) 
and integrating over the odd coordinates and over the Riemann sphere, we end up with 

S = S^-\ j (]?xti |x,<iM/x'" - Wi^Mu'Mi^m^^' + ihMk'[W,,, W^]^ , (III.142) 

where 5*0 is the action functional for the massless supersymmetric Bogomolny equations 
as given by (III. 68). 

§111.18 Summary. We have described a one-to-one correspondence between gauge equiv- 
alence classes of local solutions to the supersymmetric Bogomolny equations with massive 
fermions and scalar fields and equivalence classes of J^//-flat bundles over the CR super- 
twistor space JF^j* which are holomorphically trivial on each CP^^ ■ We have 

also described a one-to-one correspondence between the equivalence classes of ^f-flat 

5|8 

complex vector bundles over JF^} and of holomorphic vector bundles over the deformed 

2|4 

mini-supertwistor space V^j . The assumption that these bundles become holomorphi- 
cally trivial on projective lines translates in the Dolbeault description into a one-to-one 
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correspondence between gauge equivalence classes of solutions to the field equations of 

2| 4 

i) hBF theory on the deformed mini-supertwistor space , ii) phCS theory on the CR 
supertwistor space jF^j* and iii) massive supersymmetric Bogomolny model on Euclidean 
three-dimensional space R^. 

In fact, this section's discussion can be understood as a corollary of Thm. III. 2.: 
complex structure deformations on the mini-supertwistor space induce, for appropriately 
chosen CR structures, CR structure deformations on the CR supertwistor space and, of 
course, vice versa. Our above discussion is the translation of Thm. III. 2. to this deformed 
setting. 



III. 5 Solution generating techniques 

In the preceding sections, we have presented in detail the relations between supersymmet- 
ric Bogomolny monopole equations on the Euclidean space and field equations of phCS 
theory on the CR supertwistor space JF^'^ as well as hBF theory on the mini-supertwistor 
space P^l^. We have shown that the moduli spaces of solutions to the field equations of 
these three theories are bijective. Furthermore, we introduced mass-deformed versions of 
these field theories. In this section, we want to show how the twistor correspondences 
described in the previous sections can be used for constructing explicit solutions to the 
supersymmetric Bogomolny equations. In fact, any solution to the standard Bogomolny 

o o 

equations given as a pair {A^^^, $) of a gauge potential and a Higgs field can be extended to 
a solution including the remaining fields of the supersymmetrically extended Bogomolny 
equations in a nontrivial fashion. The subsequent discussion is devoted to this issue. 
However, we are not considering this task in full generality but merely give some fiavor 
of how the algorithms work. For simplicity, we also restrict ourselves to the case when 

o o o 

only the fields A^^^, $ and are non-zero. In this case, the supersymmetric Bogomolny 
equations (III. 66) simplify to 



(III.143) 



First, we discuss Abelian solutions to these equations, which correspond to Dirac monopole- 
antimonopole systems. After this, we present two algorithms which generate non-Abelian 
solutions. 
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§111.19 Abelian solutions. In the Abelian case, the system (III. 143) simplifies further 
to 



(III. 144) 



It is convenient to rewrite these equations in terms of the real coordinates on with 
r = 1, 2, 3 as 

o o o 

^erstidsAt - dtAs) = dr^, 

drbr = 0, (III.145) 

o 

^rstdsGt = 0. 

From the second equation of (III. 145), it follows that 

Gr = lerst{dsA[-dtA',), (III.146) 

and from third one, we obtain 

Gr = -dr^', (III. 147) 

o 

where the sign in (III. 147) was chosen to match the fact that in four dimensions, Gr 

o o 

corresponds to an anti-self-dual two-form with components G^jy = fj^^^Gr and helicity — 1, 

o o 

where f/^^ are the 't Hooft tensors. Here, and are a vector and a scalar, respectively. 
Therefore, Eqs. (III. 145) can be rewritten as 

o o o 

\erst{dsAt - dtAs) = 9^$, 

o o o (III.148) 

lerst{dsA[-dtA',) = -dri'. 

It is well known that the first equation describes Dirac monopoles while the second one 
Dirac antimonopoles (see, e.g., Atiyah et al. [21] and references therein). Thus, the action 

o o o 

(III. 68) with only the fields /^^, $ and being non-zero can be considered as a proper 
action for the description of monopole-antimonopole systems. 

Let us consider a configuration of mi Dirac monopoles and m2 antimonopoles located 
at points = {aj, of, af) with i = 1, . . . , mi and z = mi + 1, . . . , mi + m2, respectively. 
Moreover, we assume for simplicity that a]''^ ^ a-'^ for i ^ j. Such a configuration is then 
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described by the fields 

mi mi 



2r 

mi+m2 o mi+m2 „ mi+m2 

j=ini+l j=ini+l j=ini+l 



(111.149) 



where y^^'^' = A^^dx"" and ^^'J' = A^^dx"^ with 



(IIL150) 



x^^ = x'-a'j, r] = SrsX'jX] . (111151) 
Here, and S denote the following two regions in : 



mi+m2 



I^f^,mi+m2 := \ U {x^ = a]: X? = a\, x^ < af} 

1=1 

mi+m2 

I^|mi+m2 ■■= U = «^ = «^ ^ 



(11L152) 



i=l 

and bar stands for complex conjugation. Note that 

I^Af,mi+m2 ^Im.i+ma = ]R^\{ai, . . . , ami+mi} (111.153) 

and the configuration (111.149), (111.150) has delta-function sources at the points with 

Z = 1, . . . ,mi + 1712- 

§111.20 Non-Abelian solutions via a contour integral. For the gauge group SU{2), 
one can consider the Wu-Yang point monopole [271] and its generalizations to configu- 
rations describing mi monopoles and m2 antimonopoles [209]. This solution, which is 
singular at points a^, z = 1, . . . , mi + m2, is a solution to Eqs. (111.143) for su(2)-valued 
fields. However, it is just an Abelian configuration in disguise, as it is equivalent to the 
multi-monopole configuration (111.149), (111.150) [209]. 

One can construct true non- Abelian solutions to (111.143) as follows. Let us first 

o o o 

consider a configuration A^i^ = = $ and G^^ ^ 0. Then from (111.143) one obtains the 
equation 

^^'d^cpA, = 0. (111.154) 
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All solutions to this equation can be described in the twistor approach [194] via a contour 
integral 



G,, = ^ /" dA+A+A+TH._K,0, (III.155) 



where T_|__(tf;^, i/;^) is a Lie-algebra valued meromorphic function of w\ = A^A^y"^ and 
= A+ holomorphic in the vicinity of the curve ^ = 5*^ C <CP^. From (111.155) it 

o o 

follows that nontrivial contributions to G^^ are only given by those T_|__ which define 
elements of the cohomology group H^(V^, gl{r,0{—4:)). It is easy to see that (111.155) 
satisfies (111.154) due to the identity 

o 

p ° _ dT+_ i _^ _^ _ 
which appears after pulling the derivatives d^^^^^ under the integral. 

o o 

Consider now a fixed solution {A^^, $) of the Bogomolny equations given by the first 
line of (111.143). One may take, e.g., the SU{2) BPS monopole [212, 58]. In the twistor 
approach, we can find functions ip± solving the linear system 

Ai(9(^^)+A^^-ie^^l>)^± = and d-,J^ = 0, (111.156) 

which is equivalent to the linear system of phCS theory. These '^-t are known explicitly 
for many cases, e.g., for our chosen example of the SU{2) BPS monopole, they have been 

o 

given by Ward in [254, 255]. Using ip±, we can introduce dressed fields by the formula 

o 

where T is chosen as above. One can straightforwardly check that with this choice, 

{d^a,As + [kp - G^si) = 0, (III.158) 

o o o 

and therefore the configuration {-^.^13,^,0^13) satisfies (111.143). The exphcit form of a 

o 00 

^0/3 ^ given A^fj and $ is obtained by performing the contour integral (111.157) along 

o 

'to after a proper choice of the Lie-algebra valued function T. Recall that the configuration 

o o 

{As, $) will be real, i.e., the fields will take values in the Lie algebra su(r), if the matrix- 
valued functions ■ip± in (111.156) satisfy the reality condition as the one induced by (11.23) 
and det (t/jj^^tlj-) = 1. Imposing a proper reality condition on the function T+_ will ensure 

o 

the skew-Hermiticity of Gg. 
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§111.21 Solutions via nilpotent dressing transformations in the Cech approach. 

In this section, we will present a novel algorithm for constructing solutions to Eqs. 
(111.143) based on the twistor description of hidden symmetry algebras in the self-dual 
SYM theory in four dimensions [269] - cf. our discussion presented in Chap. V. Recall 
that we have described a one-to-one correspondence between equivalence classes of tran- 
sition functions of e^F-fiat vector bundles over the CR supertwistor space JF^'* obeying 
certain triviality conditions and gauge equivalence classes of solutions to the supersym- 
metric Bogomolny equations on R'^. We can, however, associate with any open subset 
V+ n V_ C JF^'^ an infinite number of classes of transition functions, which in turn yield 
an infinite number of gauge equivalence classes of solutions to the supersymmetric Bogo- 
molny equations. Therefore, one naturally meets with a possibility of constructing new 
solutions from a given one, that is, with dressing transformations. In the remainder of 
this chapter, we discuss a particular example of such a construction but first we briefly 
introduce some necessary background material. At this stage, we present the latter in 
a more applied formulation and without precise mathematical terminology. For a more 
thorough exposition, we refer to Chap. V, where also a Cech cohomological interpretation 
of the underlying structure is given. 

We consider the linear system (111.79), which can be rewritten as 

iV^ + M)^± = 0, d-^Ji = and (yi + ^i)^± = 0, (111159) 
where we have defined 

:= Ai9(.^) and := V^^A^, (111.160) 

as before.^ From arguments similar to those used subsequent to (111.79), we have A^ = 
^±B^lj and At^ = A^^*^ with A-independent superfields and A^^. The compatibility 
conditions for the linear system (111.159) are Eqs. (111.81). From this linear system one 
also derives that /+_ = ip^'^ijj- is e^-fiat, i.e., 

V^U- = 0, 5xJ+- = and Vlf+. = 0. (111.161) 
''Note that the first and third equations of (III. 79) are equivalent to 

A^(F±+i±)^± = and Aj(F±+i±)^± = 0, 

respectively, which together imply (V^ + A'^)ip± = 0. 
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The key idea is to study infinitesimal deformations of the transition function /+_ of 
the jT-6.at vector bundle preserving (III. 161) and the triviality properties discussed above. 
More explicitly, given such a function /+_ = xjj^^tjj- (with dx^tjj± = 0), we consider 

= (V^+ + 5^+)"i(^„ + 5^_), (III.162) 

where S represents some generic infinitesimal deformation. Note that any infinitesimal 
^-fiat deformation (that is, preserving (III. 161)) is allowed since for small perturbations, 
the trivializability property of the bundle S on the holomorphic curves CP^^ ^ JF^'^ is 
preserved (cf. Chap. V). Upon introducing the Lie-algebra valued function 

0+_ := ^+iSU_)^Pz' (III.163) 

and linearizing (III. 162), we have to find a splitting 

(/.+_ = (III. 164) 

where the Lie-algebra valued functions (j)± can be extended to holomorphic functions in 
\±, which yields 

= -0±^/;±. (III. 165) 

To find these (j)± from means to solve the infinitesimal Riemann-Hilbert problem. 
Clearly, such solutions are not unique, as we have the freedom 

(/.+_ = = + u) - {(f). + u) =: (in.l66) 

with (f)± := (f)± + where the function uj is independent of X±. This freedom can be used 
to preserve the transversal gauge condition (11.28). The preservation of this gauge is in 
fact needed in order to compare the deformed superfields and the ones one has started 
with as one wishes to derive the induced transformations of the component fields. 
Linearizing (III. 159), we get 

6A^ = V^0± and = Vi0±, (III. 167) 

where we have introduced the operators := + and V!|_ := + Ji^. From 
(III.159), (III.161) and (III.162) it follows that 

Vf0+_ = = V*±0+_, (III.168) 
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and we eventually arrive at the formulas 

5B.i, = — (f dX+^i^ and 5A^: = — I dA+^^±^, (111.169) 

where the contour is ^ = {A+ G CP^ I |A+| = !}• Thus, the consideration of infinites- 
imal deformations of the transition function of some J^-fldX vector bundle over the CR 
supertwistor space JF^'^ obeying certain triviality conditions gives by virtue of the integral 
formulas (III. 169) infinitesimal deformations of the components B^^ and which satisfy 
- by construction - the linearized constraint equations (111.82) and thus the supersym- 
metric Bogomolny equations (111.66). Once again, we have a one-to-one correspondence 
between equivalence classes of local solutions, with equivalence induced on the gauge the- 
ory side by infinitesimal gauge transformations and on the twistor side by transformations 
of the form = '^±x±'^'±'^ where the x±s are functions globally defined on V± C JF^'^ 
and annihilated by all vector fields from the distribution Putting it differently, we 
have just presented the "infinitesimal" version of Thm. 111.2.. 

Let us now exemplify our discussion by describing how to construct explicit solutions to 
(111.143). Consider a ^-fiat vector bundle S JF^'^ of rank r which is holomorphically 
trivial when restricted to any projective line CP^^ ^ JF^'^. Assume further that a 
transition function /+_ of £ is chosen such that all the fields Xa^ Xia G^^ vanish 
identically, i.e., we start with the field equation 

/^/^ = -l^a^^- (111.170) 

Without loss of generality, we may assume that the transition function of S can be split 
as /+_ = ijj^'^'ijj-, where the 'ip±s do not depend on the fermionic coordinates rjf. 
Suppose now that 

5U- ■■= -ie^'-='vt,---vl[Xj\-l (111.171) 

where X G Ql{r, C). Considering vector bundles subject to the reality conditions induced 
by (11.23), one restricts the perturbations to those preserving these conditions. In our 
example, they read explicitly as 

6U. = -le^--^-^ (r/+ ■ ■ ■ r/+ + " ■ ■ ■ r/") [X, /+_], (111.172) 

with X G su(r). For illustrating reasons and to simplify equations, we shall be continuing 
with (111.171). Then a short calculation reveals that any splitting (111.164) is of the form 

= = -ie^'-''vt---vt{i+-i-), (111.173) 
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with := — [X, ■j/'-i-] ?/;_!_ ^. Introducing the shorthand notation 

^71-74 _y.-H^...rfil^ (111.174) 

we find 

0+_ = rf'^^X_ + V22i03 _ + 6r/^^iV+- + V''V+- + ^'''V^-, (111.175) 
where we have used the fact that t^^i'"^-' is totally symmetric. In addition, we defined 

0+_ := := (III.176) 

o 

The functions can be Laurent-expanded as (m > 0) 

oo 

C = J]A^"fe("^ (III. 177) 

n=0 

with 



iO(n— m) 'Jo(m— n) 



and C^"^ = 0::^"^^'^ (III. 178) 

n > 



Combining the expansion 

oo 

,± = ^A^>i"^ (III. 179) 



n=0 

with (III.173)-(III.178), we therefore find 

^ ^2222j0j4+n)^^^222i^0j3+n)^g^22iij0^^^^ (III.180) 

and a similar expression for (f)^^\ 

At this point, we have to choose an u to preserve the transversal gauge. Explicitly, a 
possible u is given by 

U; = _ 3^2211^0(2) _ 3^21lij0{l) _ ^llii;0(0)_ ^jjj_^g^^ 

Let us justify this result. In (III. 166), we noticed a freedom in splitting the Lie-algebra 
valued function and we claimed that it can be used to guarantee the transversal 
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gauge condition (11.28) which, of course, translates to the requirement rif5A\ = 0. In 
fact, from the second equation of (111.167), we obtain 

. .^ ,\ (111.182) 

where we have inserted (111.179). The contraction of these equations with rjf yields the 
constraints 

^0L°^ + ^cj = v!^\(f)'-^^ and + = (111.183) 

Here, we used the fact that (f)^^^ = + lo and 4>±^ = 4>^± ■, respectively, and recalled the 
definition 3^ = rj^V]^. Thus, a splitting (111.166) with an u satisfying (111.183) yields a 
deformation of the gauge potential which respects the transversal gauge condition. In our 
present example, Eqs. (111.183) simplify to 

3(j)^°^ + 3uj = Vidi(j)-^ and + ^cj = vldi(j)+^. (111.184) 

Since our particular deformation (111.171) is of fourth order in the odd coordinates, we may 
assume that u = r]'^^""^^ujj-^....y^. Then, after some algebraic manipulations, the expansions 
of (f)^]!^ given by (111.180) together with (111.184) and the ansatz for uj lead to (111.181). 
The perturbations SB^^ and 6A^^ are obtained from Eqs. (111.169) according to 



SB^, = D„i(0L°'+c^) = D^,(0f +a;)-Z^,20?, 
6B^, = -f)^^0W + f)^^(0W+^) = 1)^,(0^+^) 

and 

54 = -di(j)^y + di{(f)'^^^ + uj) = 9^(0f +cu). 

o o 

Remember that D^^ = 5(^/3) + ^ap- Consider now the expansions 

5B^, = SB^, + J2l^vil---rii:5\^P]^::l, 

k>l 



(111.185) 



(111.186) 



k>i ^ '' 



(111.187) 



where the brackets [ Y^^ '.'.''^^, are composite expressions of some superfields, cf. also our 
discussion given in §11.6. Since our particular deformation of the transition function 
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implies tliat (j)± + u = 0{ri ), the resulting deformations of B^^ and are of the form 
B^p = 0{ri^) and A]^ = 0{ri^), respectively. In transversal gauge, the explicit superfield 

° o ° o 

expansions of B^0 and A]^ show that SB^^ = (^Xa = SW^^ = 5xia = 0- Together 
with the recursion relations (11.30) (of course, applied to the present setting obtained 
via dimensional reduction), they moreover imply that the variation of all higher order 
terms than of fourth (respectively, of third) order of Aaa (respectively, of A^^ in the 
?7-expansions vanish. Hence, from (III. 187) we find 

XK . — J_Jii2i3i4„T'l„72 73 74 f).. s:n. . 

""a/3 - 2-4!*' '/ji '/i2 '/ja '/i4*^/37i °'/2«'-^7374' /ttt i oo\ 

(iii.i««j 

"•^a 4 '/ji 7j2 '^a7i"^7273- 

Comparing these equations with (III. 185) and the //-expansions of (f)^^\ (j)^^^ and uj given 
earlier, we arrive at 

5Gii = 20°^^^ , 6Gi2 = 20°^^^ and 5^22 = 20°^^^ (III. 189) 

together with the field equations 

= and 6^^V„^5G,^ = -^,[6G^i,h (III.190) 

o 

Since Eqs. (III. 143) are linear in G^^, we hence have generated a solution to (III. 143) 

o 

starting from a solution to the first equation of (III. 143), that is, we may identify SG^^ 

o ~ ^ ^ 

with G^^. Thus, knowing the explicit splitting /+_ = tp^'^tp^^ we can define functions 

o ^ ^ o 

(p^ = —[X.iIj^I'iIj^^ which then in turn yield G^^. 



Chapter IV 
Super Yang-Mills theory 



Main subject of this chapter is the twistorial description of the maximally supersym- 
metric Yang-Mills theory in four space-time dimensions, that is, of A/" = 4 (respectively, 
J\f = 3) SYM theory [101, 62]. Notice that A/" = 4 and A/" = 3 SYM theories represent the 
same physical theory. The only difference between both formulations lies in what part of 
the R-symmetry group is made manifest: for A/" = 4 it is SU (4) while for A/" = 3 it is just 
the subgroup U{1) x SU{3). The twistor description of A/" = 3 SYM theory dates back 
to Witten's work [262] done in the late 70ies of the last century. The idea is roughly to 
discuss equivalence classes of certain holomorphic vector bundles over superambitwistor 
space L^'^ which in turn are in one-to-one correspondence with gauge equivalence classes 
of solutions to the A/" = 3 SYM equations. The superambitwistor description involving 
L^l* does not yield the A/" = 4 SYM equations directly. That is why we want to focus 
on the A/" = 3 formulation of A/" = 4 SYM theory. Moreover, in this respect it is worth 
mentioning that Manin [166] generalized the theorems of Witten [262] and Isenberg et al. 
[124] by showing that there is a one-to-one correspondence between equivalence classes 
of certain holomorphic vector bundles over superambitwistor space L^'^-^ - for A/" < 3 - 
which admit an extension to a (3 — A/')-th formal neighborhood of L^'^-^ in P'^l-^ x P^'"'^ 
and gauge equivalence classes of solutions to the AT-extended SYM equations in four di- 
mensions. We first discuss A/" = 3 SYM theory and then briefly comment on SYM theories 
with less supersymmetry. 



IV. 1 A/" = 3 SUPER Yang-Mills theory 

Let us begin our discussion by recalling that in §1.13 we have defined superambitwistor 
space L^'^ in terms of flag supermanifolds. In particular, L^'^ is participating in the 
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following double fibration: 

]p6|12 

T^\/ (IV. 1) 

Moreover, we have shown that superambitwistor space can be viewed as a hypersurface 
in P'^l^ X P*''^ determined by the zero locus 

- u;"7r^ + 2^^//, = 0, (1V.2) 

where [2;°, tTq, r/j, p^, w", 6^*] are homogeneous coordinates on P^'^ x P*'^. In order to be 
able to continuing as in the preceding two chapters, we first need to give local coordinates 
at each stage of (IV. 1). 

§IV.l Local coordinates. In §1.18, we have already introduced local coordinates on 
M^l^2_ particular, we had (x"", r/f , ^*°) on A^^l^^ ^ ^4|i2_ -^^ Qj^g^p_ 

now making use of the two projections tti 2 to introduce the affine parts of F^'^^ and L^'^ 
according to 

^6112 .= 7r2^i(C^|i2) and ^C^l^ := 7ri(7r2-i(C^|i2)). (1V.3) 
Analogously to (1.8), one may show that 

_^6|12 ^ ^4|12 ^ ^-^j^ Y ._ ^pl ^ ^p^l_ (^jy_4^) 

This makes it obvious that JF^I^^ ^an be covered by four coordinate patches which we 
denote by = {VVa}, with a,b, . . . = 1, . . . , 4. Letting \± G U± and fi± G V± be local 
coordinates on 

€P^ X CPj = (f/+ X 14) U (f/+ X v.) U ([/_ X V+) U (f/_ X (1V.5) 

= :Wi =:W2 =:W3 =:W^ 

where (respectively, V±) are the canonical patches covering CP^ (respectively, 'CP})-, 
we thus may take 

(x"",A+,/i+,r/f,e^") on Wi, 

(x°4A+,/i_,r/r,n on W2, ^^^^^^ 

(IV. oj 

(x°",A_,p+,r/f,n on W3, 
(x'^4A_,p_,r/f,e^") on W4. 
In the sequel, we shall collectively denote them by (x°", A(a), /i(a), ''7r, 6'*°) on the patch 
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Next we need coordinates on By our above construction, is an open subset 
of L^'^ and as such it can be viewed as a degree two hypersurface in V"^^^ x V^^^ - in fact, 
= ]l5|6 Pi (--psis ^ 'p^l'^). Here, V^^^ represents the supertwistor space as given in (1.37) 
and V*^^ is the dual supertwistor space 

Ocpi(l)®C2©nOcP.i(l)®C2 CPj. (IV. 7) 

As before, we denote the covering 

of p3|3 by 11= and moreover, that of by 

2J = {V+, V_}. Then the product "P^'^ x V*^^ is covered by four patches according to 

it X 2J = {W+ X V+,W+ X V_,W_ X V+,W_ X V_}, (IV.8) 

and we may set 

4 

£5|6 _ y y^^^ ^j^j^ _ (it X 2J) n L^l^ and W = {Wa}- (IV.9) 

a=l 

Let now (2^, 2^, r/f ) (respectively, {w^, w"^, 9^^)) be local coordinates on P^'^ (respectively, 
on P^'^), tha 



and 



, we 


take 










■= 3. 


and 
















and 


7^2' 










< 


P2 


and 


Pi ' 




Pi 




5 




Pl 


and 



r/+ := — on 
:= -, := ^ and r/" := ^ on W_ 



(IV.IO) 



:= — , wi := — and 61 := — on V4 

Pl 

:= — , := — and 6'! := — on 

P2 P2 P2 



(iv.ii) 



(1V.12) 



The induced coordinates on are then given by 

(^r2),4)'^?^'^f2)'^(2)'^(2))l£^|6 = «,4'^^^'^-'^-'^-)l£^l« on W2, 

(^r3),4)'^J'^'^f3)'^(3)'^{3))lz:5|6 = (2;",£,r/-,<,u'i^,^V)|£5|6 on W3, 
(44)'4)'^J^^'^f4)'^f4).^(4))l/;5|6 = (2;",2;!,r/r.^-.w^-.^-)l£^i« on >V4, 
which are transformed on nonempty intersections Wa H Wb in an obvious way which is 
obtained from the transformation laws on P^''^ and P*'^, respectively. Of course, these 
coordinates are not independent as they are subject to (cf. Eq. (1V.2)) 

4a)P« ^ - ^ia/:'' + 2^{a)^f ^ = 0, (IV.13) 
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where tt^^^ = tt^^^ = 7r+, vr^^^ = irl^^ = tt^ and p^a^ = pf^ = p+, pi^^ = pi^^ = together 
with (7r+) = \l,zl), (ttt) = \ztl) and (p+) = *(!,<), (p") = \wtl). Note that 
there is no summation over a. 

Altogether, we therefore obtain the following double fibration 

T^y^ {IV. U) 

£5|6 (^4\12 

together with the two holomorphic projections 

wf,) = {x^" + ^^°r/r)p(r), ii;^,) = p(.), r/f) = r/fAi"), ^J,) = ^-/ii")), (1V.15) 

cf. also our discussion presented in §1.3, §1.12 and §1.18. In these equations, we have used 
the notation A^^^ = A^^^ = A+, A^^^ = A^"^^ = A;=^ and p^^ = = p+, = pa^ = p~. 

In fact, Eqs. (IV. 15) illustrate Prop. 1.4.: a fixed point p E corresponds to a super 
null line Cp^ C C^'^^ and furthermore, a fixed point {x,ri,6) G C^'^^ corresponds to a 
holomorphic embedding of Yx^rjfi To see that Cp ^ is null, we solve 

Vi - ViK ^ ^(a) - t> P'a' 

for a generic p G 

X — X + £:p(^)A(„) + £:jA(^)f +ep(„)?7j. 



(1V.16) 



(IV. 17) 



where e, and are arbitrary. Here, (x"", r}", ^*") denotes a particular solution to 
(IV. 16). This shows that Cp^ is null. Hence, is the space of all super null lines in 

§IV.2 Remark. Though we are mainly interested in A/" = 3, let us again stick to generic 
values of M. In Sees. 1.1 and 1.3, we have seen that the supertwistor space V^^^ is an 
open subset in CP'^'^'^ describing small deformations of the Riemann sphere <CP^ inside 
([^p3|Ar fact, a similar argument can be given for C^^"^ . Let us consider the following 
sequence of embeddings: 

Y ^ L^|2A^ ^ p3|A^ X P3|-^. (1V.18) 
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Then we have an exact sequence 

^ N ^ Ny ^ ^*N^^2j^ 0, (IV. 19) 

where Ny is the normal sheaf of Y in P^l-^ x P*'-^ and N^^yzu that of L^l^^ in P^l^ x P^'^. 
In particular, we have 

Ny = pr*iP3l^ © pr^P^IAT^ 
<^*iV^,l,^ = Oy(l,l). 

Here, pri 2 are again the two projections from Y = CP^ x (CP} to the first and second 
factors and Oy{l, 1) is the sheaf of sections of the divisor line bundle of the diagonal 
CP^ C Y. Thus, V denotes the normal sheaf of Y in L^l^-^. In fact, C^^^ is a rank 3|27\A 
holomorphic vector bundle over Y and moreover, V = £512-^. Hence, 

^ C^\^^ pr*P=^l^ © pr*2P,3l-^ ^ Cy(l,l) ^ 0. (IV.20) 

The sequence (IV.20) induces a long exact cohomology sequence 



^ H%Y,C^^^) H%Y,Ny) A H'^{Y,Oy (1,1)) 

H\Y,C''\^) ^ H\Y,Ny) H\Y,Oy{l,l)) 



(IV21) 



As before, we let tTq and pa be homogeneous coordinates on Y. An element of H^{Y, Ny) 
is described by a 4|2A/'-tuple {z'^,w'^,rii,6^), where 2;° and are even homogeneous 
bidegree (1,0) respectively, bidegree (0, 1) polynomials in {na, Pa) while rii and 9^ are odd 
polynomials of bidegree (1,0) and (0,1), respectively. The map 

«: : H\Y,Ny) -> /7°(V, Oy(l, 1)) 

is then given by 

K : {z'^,w'^,r]i,e') ^ z'^Pa-w'^7ia + 29% (IV.22) 

Clearly, this mapping is surjective. Hence, the sequence (IV.21) splits to give a short 
exact sequence 

^ H\Y,C'^^^) H\Y,Ny) H\Y,Oy{l,l)) 0. (IV.23) 
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Using Kiinneth's formula^, one readily verifies that 

^ ^ (IV.24) 

H\Y,OY{m,n)) ^ 

for m, rz > 0. By virtue of (IV. 23), we therefore find 

H\Y,C'^^^) = C^'^. (IV.25) 
Similarly one may show that H\Y,C^\^^) = (cf. Eqs (1V.24)). 

§IV.3 Penrose- Ward transform. After having presented the setup, we shall now come 
to the description of A/" = 3 SYM theory. For this, we consider the double fibration (1V.14) 
together with a rank r holomorphic vector bundle £ — which is characterized by the 
transition functions / = {fab} and its pull-back ivlE to the supermanifold JF^'^^. We 
denote again the pulled-back transition functions by the same letter /. By definition of 
a pull-back, the transition functions / are constant along tti : JF^I^^ ^ £^1^. The relative 
tangent sheaf £^ := (r2^(jF^I^)/7r]"r2^(£^l^))* is of rank 1|6 and freely generated by 

Dia) = l-ita)Ka)daa, = Xf^^D^ and of^ = (IV.26) 

where daa '■= d/dx"'"' and 

= 9^ + ^-9,^ and Aa = d,^ + 4daa, (IV.27) 

with (9^ := d/drjf and dia '■= d/dO^"'. Hence, the transition functions of nlS are annihi- 
lated by the vector fields (IV. 26). Clearly, they are also annihilated by dy^. 

Next we want to assume that the vector bundle £ is smoothly trivial and in 

addition C^'^^-trivial, i.e., holomorphically trivial when restricted to any submanifold^ 
Yx,r],e Together, these conditions imply that there exist some ijj = {'ipa} £ 

C°(22J, 6), which define trivializations of n^S, such that / = {fab} can be decomposed as 

fab = i^a'^b (IV.28) 

^Recall the following fact. Let £i be a holomorphic vector bundle over Xi for i = 1,2. Furthermore, 
denote the two projections from X = Xi x X2 to Xi by pr^ and consider the bundle £ = pr|5i ® pr2^^2- 
Kiinneth's formula then says: 

hHx,£) = H'P{Xi,£i)®m{X2,£2). 

p+q=k 

^See also Prop. 1.4. 
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and 

B^^fja = 0. (IV.29) 

In particular, ipa depends holomorphically on and /i^. Applying the vector fields (1V.26) 
to (1V.28), we realize that by virtue of an extension of Liouville's theorem to <CP^ x CPj, 
the expressions 



must be at most linear in A(a) and /i(a). Therefore, we may introduce a relative connection 
one-form As G T{J^^\^^,n]^{J^^\^^) ® EndvrJ^) such that 



and hence 



(1V.30) 



DjAs 




:= A(a) = i^aDia)^a^ = 


- H'{a)^{a)^aa, 


D'jA.s 


\Wa 


= : ^;,) = iJaDl)^-' = 




DijAs 




:= At^ = i^aDfra' = 










0, 






^UiDl + A^^Pa = 


0, 








0, 



(1V.31) 



d^^Pa = 0. 

The compatibility conditions for the linear system (IV.31) read as 



{vj„vy = 0, 

{V.(„,V,^)} = 0, (IV.32) 
{V,«,V^^}-25^V„^ = 0, 

where we have introduced 

:= Dl + A^^, V^a := D,a + Aa and V^^ := daa + Aaa- (1V.33) 

Eqs. (IV. 32) are the constraint equations of A/" = 3 SYM theory. 

Next let us discuss how to obtain the functions ipa in (IV.31) from a given gauge 
potential. Formally, a solution is given by 

= Pexp j^A^. (IV.34) 
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Here, "P" denotes the path-ordering symbol and 

A = E'^'^Aa^o. + EtJ^^ + E^'Aia, (IV.35) 

where the basis (.E"", Ef-, is dual to {daa, -D^' Aq)- It is explicitly given by 

^aa ^ dx"" + r/f d^*" + ^^"dr/f , Ef = dr/f and = d^^". (1V.36) 

The contour is a any real curve within a super light ray C^'^ from a point (x, r}, ^) to 
a point {x, r], 9), with 

for s G [0, 1]; the choice of the contour plays no role, since the curvature is zero when 
restricted to the super light ray. Furthermore, are some free parameters. 

Before discussing the superfield expansions of the above gauge potentials, let us say 
a few words about reality conditions. So far, we have entirely worked in a complex 
setting. However, we eventually want to discuss real A/" = 3 SYM theory on Minkowski 
space. In order to achieve this, we need to extend our in §1.20 introduced antiholomorphic 
involution tm to nlE JF^I^^, that is, we have to require 

fL = /si, fl = /4i and 4 = /23 (IV.38) 

on appropriate intersections. In these equations, we have used the shorthand notation 
fib '■= [fab{,rM{- ■ O)]^- Upon imposing (1V.38), we find 

4 = 4 = ^3' and 4 = ij^' (1V.39) 

and hence. 



(1V.40) 



as desired. In this case, the gauge group GL{r, C) is reduced to the unitary group U{r) 
and as we have seen in §11.5, the additional requirement det(/ab) = 1 yields SU{r). 



-^MiA^fi) 


- A^ 






- A^ 


- A' 


TM{Aia) 




- A 
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§IV.4 Remark. If / = {fab} is independent of say fi(^a) then one may assume without 
loss of generality that fu = = Ir and /13 = /24 = /+_(x^"A+ A+, r/f A+) [239]. All 
other transition functions are obtained from those by virtue of the cocycle conditions. 
In this case, the linear system (IV. 31) reduces to that of self-dual SYM theory given in 
(11.16). Hence, by assuming that all transition function are independent of one ends 
up with self-dual SYM theory. Similarly, by imposing independence of A(a), one eventually 
obtains the anti-self-dual SYM equations. 

§IV.5 Field expansions, field equations and action functional. Let us now show 
that the constraint equations (IV. 32) imply the equations of motion of A/" = 3 SYM theory 
(and vice versa). The analysis is, however, basically the same as the one given in §11.6, 
for instance. Therefore, we shall be rather brief and merely quote results. More details 
about the derivation can be found in Harnad et al. [107, 108, 109]. 
Eqs. (IV. 32) can be formally solved according to 

{V.a,V,73} = 2e^f3e,,kW\ (IV.41) 
{V.,,Vi} = 25^ V, 



aa ■ 



It follows then from Bianchi identities that the odd spinor superfields are given by 

^ (1V.42) 

As before, one imposes the transversal gauge condition 

r]fAl + e'''A,a = (1V.43) 

to remove superfluous gauge degrees of freedom associated with the odd coordinates. This 
time, the recursion operator takes the form 

^ = ^fVi + ^^"V,„ = v^d^ + O'^'d,^- (IV.44) 
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With tlie help of Bianchi identities one may prove the following recursion relations: 



^)A 



(1V.45) 



2[W,,W']), 
2[W^,Wi]), 



where again faf^ (respectively, /^^) represents the self-dual (respectively, anti-self-dual) 
part of the field strength. Note that these equations resemble the supersymmetry trans- 
formations, but nevertheless they should not be confused with them. Now one can start to 
iterate these equations to obtain all the superfields order by order in the odd coordinates. 
Using formulas similar to Eqs. (11.33) and (11.34), one eventually finds: 



-t- gtQ/jC l/i Xja 3^a/3^ Ij Xif3 Zap'li'ljXa^ 



Upon substituting these expansions into the constraint equations (1V.41), we obtain the 
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equations of motion of A/" = 3 SYM theory 

e"^V„^^^ + [x.^, W] = 0, 
e''N^^ip + [^^,Wi] = 0, 

e"^v,^?^ + [x,^, w,y^^ - [i^, W^] = 0, 

e"^V„<iX,/3 + [xL, W%,k - [k. W,] = 0, 
DW, + [[W\W,],W,] - l[[W\W,],W,] + le-nhc.,ip} - i^.^.e-'^lxL, xj) = 0, 
DW^ + [[W,, W^], W^] - W% W^] + le^^ixi, i^^} - \e'''e-^{x.^, x^^} = 0, 

e"^V,^/^^ + e"^V^J^^ + {x5,Xfe^} + {^-,,^^} + [H^^ = 0, 

(IV.47) 

where we have defined 

□ := ie"/3e"/3v„^V^^. (IV.48) 

It can now be shown by induction and with the help of the recursion operator ^ that 
Eqs. (IV.47) are in one-to-one correspondence with the constraint equations (IV.41). For 
details, see [107, 108, 109]. 

Finally, it remains to give an appropriate action functional producing the equations 
of motion (IV.47). A straightforward calculation reveals that they can be obtained by 
varying 

S = J d^xtr |/„^r^ + f^/f^ + x^"V„<ixf + 2WnW, + Wdx'a.r} + 

+ W'iha, r} + xnw' + y^^nh^, X,^}W, - (IV.49) 

§IV.6 HCS theory on Using the Dolbeault approach to holomorphic vector bun- 
dles, we gave the twistor interpretation of Siegel's action functional of A/" = 4 self-dual 
SYM theory in §11.7. It turned out to be the action functional of hCS theory on super- 
twistor space V^^'^. The existence of an appropriate action principle on P^'^ was due to 
the formal Calabi-Yau property of the latter. As we have seen, also superambitwistor 
space is a formal Calabi-Yau supermanifold. Thus, there is a globally well-defined 
nowhere vanishing holomorphic volume form. On the patch Wa C it is given by 

f-UfJ /■ d^2;r.^ A d^^^;^„^d^r7,-„^d^6'r„^ 
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where ^ is any contour encircling ^ "P^'^ x V^^^ and d^z^^a) '■= '^^la) ^ '^^(a) ^ '^^(a)^ 
etc. The problem which prevents us from writing down an action functional like (11.59) 
is the "wrong" dimensionality of superambitwistor space: the holomorphic volume form 
(IV.26) is a form of type (5|6, 0) while the Chern-Simons form is of type (0, 3|0), as one is 
again interested in a subsupermanifold y C determined by f]^"'^ = = Thus, in 
total one obtains a form of type (5|6, 3|0) which, of course, cannot be integrated over 3^. 

In order to circumvent this problem. Mason et al. [174] (cf. also Ref. [173]) proposed 
to instead consider a real codimension 2|0 CR supermanifold'^ in superambitwistor space. 
Their construction is based on an Euclidean signature as for Minkowski signature the 
CR supermanifold under consideration will no longer be smooth but have singularities. 
In this setting it is, however, possible to use the holomorphic volume form (1V.50) to 
give an action functional for phCS theory (see also our discussion given in Sec. 111.2) 
reproducing the action functional of A/" = 3 SYM theory. Though their construction 
works for an Euclidean setting, it remains an open question to find an appropriate twistor 
interpretation of (IV. 49) in the case of Minkowski signature. 
§IV.7 Summary. Let us now summarize: 

Theorem IV. 1. There is a one-to-one correspondence between gauge equivalence classes 
of local solutions to the A/" = 3 SYM equations on four- dimensional Minkowski space and 
equivalence classes of holomorphic vector bundles £ over superambitwistor space which 
are smoothly trivial and holomorphically trivial on any submanifold (CP^ x <CP^)x,ri,e "—^ 

If we let ifyo,i (£^l^, £^) be the moduli space of hCS theory on for vector bundles 
S smoothly equivalent to we may equivalently write 

H^oA^'^',^) = M^y% (IV.51) 

where A^sym denotes the moduli space of A/" = 3 SYM theory. The latter is obtained 
from the solution space by quotiening with respect to the group of gauge transformations. 
§IV.8 Remark. In Chap. Ill, we have described the dimensional reduction of the su- 
pertwistor space and obtained the mini-supertwistor space. In this setting, we established 
a correspondence between hBF theory on mini-supertwistor space and a supersymmet- 
ric Bogomolny model in three dimensions. As for this model, which was obtained by a 
■^For a definition of a CR supermanifold. see Sec. III.l. 



IV. 2 Thickenings and J\f < 3 super Yang-Mills theory 



97 



dimensional reduction of A/" = 4 self-dual SYM theory, one can establish a twistor corre- 
spondence for the full A/" = 6 (respectively, A/" = 8) SYM theory in three dimensions by 
using a dimensional reduction of In fact, one can establish: 



-p6\l2 




(IV.52) 



£4|6 ^3|12 



The details about this correspondence, the construction of the field equations, etc. can 
be found in [223, 224]. 



IV. 2 Thickenings and J\f < 3 super Yang-Mills theory 

For the sake of completeness, we shall now briefly talk about SYM theories with less 
supersymmetry, that is, for A/" < 3. In order to discuss them, we first need the notion of 
formal neighborhoods. This will then allow us to provide a twistor formulation of these 
theories. However, we stress in advance that we will not prove any of the subsequent 
statements but rather quote results. 

§IV.9 Formal neighborhoods. Let V be a complex supermanifold and Y a sub(super)manifold. 
Furthermore, let X be the ideal subsheaf of all holomorphic functions in Ox which vanish 
on Y. Then we have a short exact sequence of sheaves 

^ I ^ Ox ^ Ox/I (IV.53) 

on X. The sheaf Ox /I can then be identified with Oy- Generally speaking, there is an 
isomorphism 

Ox\y = Ox/T®X/X^ ®X'/X^ (IV.54) 

given by the Taylor expansion of a germ of / at any point of Y . Note that X/X^ can be 
identified with the conormal sheaf of Y in X. 
Next we define 

OP := Ox/X'=+'. (IV.55) 
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Then {Y, Oy ) is called the A;-th formal neig hborhood of y in X. Note that O^' can be 
expanded according to 

OP ^ Ox/T®!/!"^ ®---®I^/X^^'^. (1V.56) 

Putting it differently, the fc-th formal neighborhood contains formal Taylor expansions in 
the normal sheaf direction up to order k. 

§IV.10 Manin's theorem for A/" < 3 SYM theory. Let us consider the double fibra- 
tion 

]p6|4Ar 

T^i/ (1V.57) 

as introduced in §1.13. Then we may state the following theorem [166]: 

Theorem IV. 2. Let U he an open subs et of M^\^ such that any null line intersects U 
in a simply connected set. Then there is a one-to-one correspondence between equivalence 
classes of U -trivial holomorphic vector bundles which admit an extension to a (3 — N')-th 
formal neighborhood of L^'^-^ in P^l-'^ x P*'"^ and gauge equivalence classes of solutions 
to the M -extended SYM equations on U . 

Details about the proof can be found in [166]. Furthermore, related aspects such as 
superfield expansions, etc., are discussed in Refs. [92, 109]. 



Chapter V 

Hidden symmetries in self-dual super 
Yang-Mills theory 



The purpose of this chapter is the discussion of hidden infinite-dimensional symmetry 
algebras in A/'-extended self-dual SYM theory. The main tools we shall be using are built 
upon the twistor correspondence, which we established in Chap. II. 

Since Pohlmeyer's work [198], it has been known that self-dual YM theory possess 
infinitely many hidden nonlocal symmetries and hence infinitely many conserved nonlocal 
charges. As was shown in [69, 70, 71, 244, 81, 75], these symmetries are affine extensions of 
internal symmetries with an underlying Kac-Moody structure. For a review on that mat- 
ter, we refer also to [82]. Furthermore, in [202] affine extensions of conformal symmetries 
have been found. As a result, certain Kac-Moody- Virasoro- type algebras associated with 
space-time symmetries were obtained. A systematic investigation of symmetries based on 
twistor theory and on Cech and Dolbeault cohomology methods was performed in [204] 
(see also Refs. [205, 125] and the book [171]). Therein, all symmetries of the self-dual 
YM equations were derived. 

One of the goals of this chapter is a generalization of the above symmetries to the 
self-dual SYM equations. The subsequent discussion is based on [269, 270]. In particular, 
we will consider perturbations of transition functions of holomorphic vector bundles over 
supertwistor space. Using the Penrose- Ward transform, we relate these perturbations to 
symmetries of A/'-extended self-dual SYM theory. After some general words on hidden 
symmetry algebras, we exemplify our discussion by constructing Kac-Moody symmetries 
which come from affine extensions of internal symmetries. Furthermore, we also consider 
affine extensions of the superconformal algebra resulting in super Kac-Moody- Virasoro- 
type symmetries. Moreover, by focussing on certain Abelian subalgebras of the affinely 
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extended superconformal algebra, we introduce supermanifolds which we call generalized 
supertwistor spaces. These spaces then allow us to introduce so-called hierarchies which 
describe sets of graded Abelian symmetries. This generalizes the results known for self- 
dual YM theory [169, 241, 170, 4, 171, 127]. We remark that such symmetries of the latter 
theory are intimately connected with one-loop maximally helicity violating amplitudes 
[23, 66, 67, 220, 104]. 

V.l HOLOMORPHICITY AND SYMMETRIES 

As indicated, the key idea for studying symmetries within the supertwistor framework is, 
for a given Stein covering it = {Via} of supertwistor space V^^-'^ , to consider infinitesimal 
deformations of the transition functions / = {fab} G H^(V^^-'^, Sj) of some smoothly trivial 
rank r holomorphic vector bundle £ over V^^-'^ which in addition is C^'^-'^- (respectively, 
]f^4|2Arjj trivial.^ Recall that = GL(r, OpsiAr). Generically, an infinitesimal deformation 
looks as 

f ^ f = f + Sf — U ^ f^^ = U + Sfah. (V.l) 

Clearly, such perturbations have to obey certain criteria: 

• They must be holomorphic and moreover preserve the cocycle conditions, that is, 
f' = {fU}^H\V'\^,^). 

• They must preserve the holomorphic triviality on any CP^^ ^ "-^ jy^W^ 

• In case one is interested in real YM fields, they must in addition respect the reality 
conditions induced by the antiholomorphic involution te introduced in §1.19. 

The first point is not really a restriction. Remember that in Chaps. 1 and 11 we have 

seen that there exists a two-set Stein covering of P^l-'^. Therefore, no cocycle conditions 

appear when working with this covering.^ The second point deserves some discussion. 

Besides i/^('P^'-^, i^), consider the Abelian group (by addition) iJ^('P^I-^, Liei^), where 

LieS) := g[(r, O^sia^). This group parametrizes infinitesimal deformations of the trivial 

^In §111.21 , we have already used the idea of infinitesimal deformations for the construction of solutions 

to the equations of motion of the supersymmetrized Bogomolny model. Here, we are going to formalize 

the things used in that paragraph. 

^In principle, there are transformations which can change the covering. Then one needs to consider 

the common refinement. For details, see [204]. In the sequel, we shall only be interested in deformations 

which preserve the chosen covering. 
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bundle Sq.^ Furthermore, dime Lie ^) = oo, that is, in an arbitrarily small 

neighborhood of the trivial bundle Sq there exists an infinite number of holomorphically 
nontrivial bundles S. If we let H^(<CP}: „,LieS)(rpi ) be the restriction of the coho- 
mology group H\V^^^,UeSj) to CP^,, ^ V^\^ for some fixed {xr.t]) G C^I^a^, then 
H^{<CP^^ ,^, Lie^cp^i^ ^) parametrizes infinitesimal deformations of So restricted to CP^^ 
However, 

which follows from the vanishing of if ^(CP^, Ocpi). This in turn implies that small 
enough deformations do not change the trivializability of S over 

this is a version of the Kodaira-Spencer-Nirenberg theorem [135]. Therefore, point two 
from the above list is likewise no restriction on the allowed perturbations. Altogether, 
any infinitesimal holomorphic deformation is allowed. The only restriction one has to 
implement is point three from the above list. If not otherwise stated, we shall always 
assume that our deformations are compatible with the reality conditions. 
§V.l Kac-Moody symmetries. Let us consider the nonholomorphic fibration 'P^l-'^ 
j^4|2Ar gjygj^ (^11.42). Choose again the canonical covering 11 = of the super- 

twistor space. Given a smoothly and IR'^'^-'^-trivial rank r holomorphic vector bundle 
S P^IA/"^ define an action of the one-cochain group C^{!d,Sj) on Z^{fd,Sj) by 

h: U. ^ h+_U_hzl, (V.2) 

where h = G C^{ii,S)) and / = {/+-} G Z^{ii,9)). Obviously, the group 

C^(il, ^) acts transitively on Z^{ii,Sj), since for an arbitrary Cech one-cocycle / G 
Z^{ii, S)) one can find an /i G C^{ii, Sj) such that /+_ = h^_hz\ and /„+ = h^^hZ^\. The 
stabilizer of the trivial Cech one-cocycle, given by / = {1^}, is the subgroup 

Cli^X,^) := {heC\ii,S))\h+. = h.+} (V.3) 

implying that i^) can be identified with the coset 

^ (V.4) 

Then the moduli space H^{V^^-^ is given by a double coset space 

H\V^\^,^) = (V.5) 

■^Note that infinitesimal deformations of an arbitrary holomorphic vector bundle £ — > X are 
parametrized by Endf). 
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where the zero-cochain group acts according to 

h: U_ ^ h+U.hz\ (V.6) 

with h = {h+,h^} G 

Let us now study infinitesimal deformations of the transition function / = {/+_}. 
Recalling the definition (3 = GL{r,S-ps\Ar), we introduce the subsheaves ^ C 6 and 
Lie^ C Lie© consisting of those GL(r, C)-valued, respectively, 0[(r, C)-valued smooth 
functions which are holomorphic in X±. We have a natural infinitesimal action of the 
group C^(il, i)) on the space i^) which is induced by the linearization of (V.2). 

That is, we get 

= (V.7) 

where 6h = {6h+_,6h_^} G C^(il, Liei)) and / = {/+-} G Then we introduce 

a 0[(r, C)-valued function 

0+_ := MSU^U-W = (V.8) 

where ^jJ = {ip+,^-} G C°(il, ^) and /+_ = tp^'^tp-, as before. From Eq. (V.7) it is then 
immediate that 

Moreover, is annihilated by the vector field dx^^. Thus, it defines an element (j) = 
{</)+_} G Lie^). However, any one-cocycle with values in the sheaf Lie^ is a 

one-coboundary since H\V^\^,Ue^) ^ 0. This is an immediate consequence of the 
vanishing of H^{<CP^, C^cpO a-nd of the acyclicity of the sheaf S-psiM. Therefore, we have 

0+„ = (V.9) 

where = G C°(il, Lie^). Linearizing /+_ = we obtain 

and hence by virtue of Eqs. (V.8) and (V.9) we find 

5^p^ = (V.IO) 

In summary, given some 6h = {6h^_,6h_^} G C^(il, Lie^) one derives via (V.7)-(V.9) 
the perturbations Sip±. Moreover, we point out that finding such (j)± means to solve 
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the infinitesimal variant of tlie Riemann-Hilbert problem. Obviously, the splitting (V.9), 
(V.IO) and hence solutions to the Riemann-Hilbert problem are not unique, as we certainly 
have the freedom to consider a new cf) shifted by functions uj±, (l)± = (f)± + uj±, such that 
UJ+ = uj^ on the intersection W+ nW_, that is, lu e Z°(il,Lieq3) = /7°(p3|A^^ Lie<p). 
Furthermore, infinitesimal variations of the linear system (11.49) yield 



(V.ll) 



Substituting (V.IO) into these equations, we arrive at 

5A^ = V^0± and = Vi0±. (V.12) 

Here, we have introduced the definitions 

:= V^ + A^ and := Vl+A"^. (V.13) 

Note that (V.13) acts adjointly in (V.12). Therefore, (V.12) together with (V.9) imply 
that 

V^0+_ = and V^0+- = 0. (V.14) 

One may easily check that the choice = ip±x±^±^^ where x = {x+^ X~} ^ C°(il, Liei^), 
implies SAaa = and SA}^ = 0, respectively. Hence, such (f)± define trivial perturbations. 
On the other hand, infinitesimal gauge transformations of the form 



6Aa^ = Vf^cj and SA^^ = Vlcj, 



where to is some smooth su(r)-valued function on R^l^-'^, imply (for irreducible gauge 
potentials) that 

(j)± = UJ. 

Hence, such (j)± do not depend on X±. In particular, we have 0+_ = and hence = 0. 
Finally, we obtain the formulas 

6Aaa = — { dX+^^ and 6A^: = — { dX+X^ (V.15) 
27ri j; + A+A^ " 27ri + A+A^ ^ ^ 

where the contour ^ = {A_|_ G CP^ | |A_|_| = 1} encircles A+ = 0. We see that generically 
the outcome of the transformation 6A is a highly nonlocal expression depending on A, 
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i.e., we may write 5 A = F[A,dA, . . .], where F is a functional wliose explicit form is 
determined by (j)±. 

Summarizing, to any infinitesimal deformation, f ^ f + Sf, of the transition function 
/ we have associated a symmetry transformation A ^ A + 6A, that is, solutions to 
the linearized A/'-extended self-dual SYM equations. In fact, we have obtained a one- 
to-one correspondence between equivalence classes of deformations of holomorphic vector 
bundles over supertwistor space which are subject to certain triviality conditions and 
gauge equivalence classes of solutions to the linearized field equations of A/'-extended 
SYM theory. Putting it differently, our above discussion represents the "infinitesimal" 
version of Thm. II. 2. 

§V.2 Virasoro-type symmetries. Above we have introduced Kac-Moody symmetries 
which were generated by the algebra Liei^). In this paragraph we focus on sym- 

metries, which are related to the group of local biholomorphisms of supertwistor space 
■p3\Af_ We shall only be interested in this subgroup of the diffeomorphism group of P^l^ 
as generic local diffeomorphisms would change the complex structure of the supertwistor 
space. However, this in turn would induce a change of the conformal structure and a 
metric on R^l^-^ as was demonstrated in the purely even setting by Penrose [193] and 
Atiyah et al. [20]. As we want to discuss symmetries of the self-dual SYM equations 
on R^, we need to consider those diffeomorphisms which preserve the complex structure, 
that is, biholomorphisms. Let us denote the group of local biholomorphisms by Ti-p^w. 
Furthermore, we are again choosing the canonical covering il = of P3|A^ together 

with the coordinates (Z^) = (2^, 2;^, ?7f ). On the intersection W+ nW_, they are related 
by transition functions t = 

Zi = t\_{Zi). (V.16) 

To Ji-pzw one associates the algebra C''(1X, TP^'"^) of zero-cochains on P^l-^ with values 
in the tangent sheaf TV'^^^ of supertwistor space. In order to define an appropriate 
action of C°(il, TV'^^^\ let us first consider the algebra C^(il, TP^'-^) whose elements are 
collections of vector fields 

X = = {xi^di,xUd7}, (V.17) 

where we have abbreviated df := d/dZ^. In particular, x+- X h ^ire elements of 

the algebra TV^^-'^\u_^_rn_ of holomorphic vector fields on the intersection W+ fl Thus, 
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(il, T'P'^I-^) can be decomposed according to 

C\ii,TV'^^) = TV'^^\u^ra^®TV'^^\u^rt(^. (V.18) 

Kodair a- Spencer deformation theory [135] then tells us that the algebra C^(il, TP'^'-^) 
acts on the transition functions t^_^_ according to 

= xi^-xi+djti^ (V.19) 

which can equivalently be rewritten as 

SU^ := Stl_di = x+~ - X~+- (V.20) 

Consider a subalgebra 

Ci(il,TP='l-^) := {x e C\\X,TV'\^) I x+- = X-+] (V.21) 
of the algebra C^(il, TP^I-^). Then the space 

Z\\X, TV'^-^) = {xe C\ii, TP3|A^) I = -^_^} (V.22) 

is given by the quotient 

Z\ii,TV^\^) ^ C\ii,TV^\^)/Cl{ii,TV^\^). (V.23) 

We stress that the transformations (V.19) change the complex structure of P^l-'^ if x+- ^ 
X+ — X-1 where ^ C°(il, T'P^'-'^). Therefore, 

^i^^m^TV^W^ ^ Z\!d,TV^\^)/C\!d,TV^\^) (V.24) 

is the tangent space (at a chosen complex structure) of the moduli space of deformations 
of the complex structure on P^l^. 

According to (V.20), we may define an action of the algebra C^(it, TP^'-'^) on the 
transition functions / = {/+-} of holomorphic vector bundles over supertwistor space by 



:= X+-(/+-)-X-+(/+-)- (V.25) 

However, as we have just seen, such transformations may change the complex structure 
on P^IA/". Therefore, we let the algebra C^{!d, TP^IA/") act on t = {t{^} and / = {/+_} via 

C°(U,TP3|-^) 3 {x+,X^} ^ {X+ - - X+} e C\iX,TV'^^) (V.26) 
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together with Eqs. (V.20) and (V.25), i.e., 



6t 



■+ 



X+ - 



(V.27) 



SI 



These transformations do preserve the complex structure on supertwistor space. 

After this digression, we may now follow the lines presented in §V.l to arrive at the 
formulas (V.15) for symmetries. We shall not repeat the argumentation at this point. 
We refer to symmetries obtained in this way as Virasoro-type symmetries since they are 
associated with the group of local biholomorphisms. 

§V.3 All symmetries. With the help of Cech cohomology and the Penrose- Ward trans- 
form, we have shown how Kac-Moody and Virasoro-type symmetries in A/'-extended self- 
dual SYM theory arise. In the next paragraph, we will make the symmetry algebras more 
transparent by proving a theorem relating certain deformation algebras on the twistor side 
to symmetry algebras on the self-dual SYM side. Furthermore, in Sec. V.2 we then give 
explicit examples of symmetry transformations and corresponding symmetry algebras. 
Before dealing with these issues, however, let us summarize our preceding discussion. In 
fact, above we have given all possible continuous symmetry transformations acting on the 
solution space of the equations of motion of self-dual SYM theory. If we let il = 
be the canonical covering of the supertwistor space P^l-'^, = GL{r,0'p3w) and Hp3\j^ 
be the group of local biholomorphisms of 'P'^l-^ associated with the algebra C°(il, TP^'^), 
we may state the following result: 

Theorem V.l. The full group of continuous (symmetry) transformations acting on the 
space io) of smoothly and H'^^'^-'^ -trivial holomorphic vector bundles £ p^W of 

rank r is a semidirect product 



By virtue of the Penrose-Ward transform, one obtains a corresponding group action on 
the solution space of M-extended self-dual SYM theory in four dimensions. 

A proof of this theorem (for A/" = 0) can be found in Ref. [204] . The argumentation for 
A/" > goes along similar lines. 

§V.4 General symmetry algebras. So far, we have worked within a quite abstract 
scheme. Let us now present a more concrete relationship between certain deformation 
algebras and hidden symmetry algebras [270]. Suppose we are given some indexed set 
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{61} of infinitesimal variations 61 f of tlie transition function / = {/+-} of our holo- 
morphic vector bundle S over supertwistor space. Suppose further that the 6is satisfy a 
deformation algebra of the form 

= fjj^dK, (V.28) 
where generically fu^ G C^(il, Op3\M), with 

fij"" = -i-r'^fji'', 

and [■, ■} denotes the supercommutator. 

Theorem V.2. Given a deformation algebra of the form (V.28) with constant fu^ G C, 
the corresponding symmetry algebra on the gauge theory side has exactly the same form 
modulo possible gauge transformations. 

Putting it differently, the linearized Penrose- Ward transform is, besides being an isomor- 
phism between the tangent spaces of the moduli spaces H^o^^iV'^^'^ ,£) and A^^ym (see 
also Thm. II. 2.), a Lie algebra homomorphism. Let us now prove the theorem. 

Proof: Let E •p3|A/' ^ smoothly and R^'^-^-trivial holomorphic vector bundle of rank 

r. Recall that the transition function / = {f^ } € H^iJ^^^-^ ,S)i) can be split according to 

/+_ = with ^ = e Consider 

where and are the infinitesimal parameters of the transformations 5i and 82, respectively 
By virtue of (V.12), we may write 

[5i,52]A± = 5i{A± + 52A±)-5iA±-52{A± + 5iA±) + 52A±, 

where A± stands symbolically for both components A^ = \%Aaa and A\. = \%Aa- Then one 
easily checks that 

[5i,52]A± = V±S±i2, with E±i2 := 5i4 " + [4, 4]> 

where V-t represents any of the covariant derivatives given in (V.13). Note that we use the 
notation 0^ = e^(j)±i and similarly for Hence, S-i-12 = {—Y'^''e^g'^T,±jj. Next one considers 
the commutator 



[5l,62]f+- = 5l(/4-+52/+_)-5l/+_-52(/+-+5l/+-)+52/+_ 
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Using definition (V.8) and the resulting splitting (V.9) for the deformations (5i,2/h ) one obtains 

after some tedious but straightforward algebraic manipulations 

where S-i-12 has been introduced above. By assumption, it must also be equal to 
[61,62]/+- = 63/+-, with 63 = e^g'^fij^6K, 

i.e., 

where 0^ = £^ Q'^ fij^(l)±K- By comparing this equation with the previously obtained result for 
[(5i,(^2]/h , we may conclude that 

S±i2 = 4+^^ = e^Q^ifiJ^<P±K+^ij) 

since by assumption fij^ G C Here, uj^ (respectively, ujjj) belongs to ^^''('P^l-^, Lie ^). Thus, 
by our above discussion, it represents an infinitesimal gauge transformation. ■ 

Hence, any Lie-algebra type deformation algebra on the twistor side yields by virtue 
of the Penrose- Ward transform a symmetry algebra on the gauge theory side being of 
the same form. Furthermore, we also realize that if //j^ G C^(il, OpsiA/-), the algebra on 
the gauge theory side will generically no longer close because of the dependence of fu^ 
on (x^°,?7f) through (2;^, 2;^, r/f ). In fact, in order to be able to compare S-i-12 with 0^ 
(which will no longer be given by f (j)±K) from the above proof, one has to Laurent- 
expand fij^ in powers of \±. The resulting coefficient functions will solely depend on 
(x^",?7f) G R^'^-'^. Therefore, the space-time derivatives appearing in the transformations 
(V.12) will destroy the "would be" algebra on the self-dual SYM side. As a matter of 
fact, if one allows fu^ to depend only on = \±, no such problems will occur. That 
is, the algebra, though modified, will still close. More details about these issues can be 
found in the next section when explicitly dealing with affine extensions of superconformal 
symmetries. 
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By now it is clear that self-dual SYM theory possesses infinite-dimensional hidden sym- 
metry algebras. To exemplify our discussion, let us now describe some explicit symmetry 
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algebras. We begin with affine extensions of internal symmetries and afterwards discuss 
affine extensions related to space-time symmetries. As before, we consider a smoothly 
and R^I^-'^-trivial rank r holomorphic vector bundle E over supertwistor space, the lat- 
ter being covered by it = The transition function of E is again given by 
/ = {/+-} = {V^TV-}, with ^ = {^+,^_} e 

§V.5 Kac-Moody symmetries. The prime example is Kac-Moody symmetries asso- 
ciated with internal symmetries. Let Xi be any generator of the gauge group su(r) with 

[X,,Xj] = //j^Xk, (V.29) 

where the fu^s are the structure constants of su(r). Then we may define the following 
infinitesimal deformation 

6TU- ■■= i(A+ + (-A-r)[X,,/+_] for me No. (V.30) 

It is clearly a holomorphic deformation and moreover, one may readily check that it 
preserves the reality condition (11.23). Notice that by comparing with Eq. (V.7), we see 
that 

define one-cochains d^h G Liei^). For m = 0, the transformations of the compo- 

nents of the gauge potential turn out to be (after properly fixing the freedom in solving 
the infinitesimal Riemann-Hilbert problem; cf. Eq. (V.37)) 

= [Xi,A^^] and 5^jAl = [Xi.Al]. (V.31) 

Thus, they represent an internal symmetry transformation. Then a short calculation 
reveals that 

W.^"}] = i//j''(5r" + (-)"^lr""'), (V.32) 

which is the analytic half of a centerless Kac-Moody algebra 3u(r). One can bring (V.32) 
in a more familiar form as follows. Define := 5° and A} := 5]. Furthermore, let 

m 

A- := ^c^^^ (V.33) 

fc=0 

with some (real) coefficients to be determined. Next consider 

[Ar,A^] =: //j^Ar\ (V.34) 
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that is, the (m + l)-th generator is recursively defined by m-th one. Then 

[Ar,A}] = /,j^A-+", (V.35) 

for all m,n > 0. In fact, this is a direct consequence of Eq. (V.32) and can be proven 
by induction with the help of Jacobi identity for the generators A'". As this is rather 
straightforward, we leave the explicit verification to the interested reader. 

Next we need to find - by means of the discussion of the previous section - the action 
of for m > on the components Aaa and A"^ of the gauge potential. Consider the 
function 4)^_j as defined in (V.8). We obtain 

= -lix": + i-x-r)[Xi,^+]^^' + UK + (-A-)")[x,,^_]c' 

= i(A™ + (-A_r)0%-l(A- + (-A_r)0%, (V.36) 

where in the last step we have introduced the functions (p^j which are solutions of the 
Riemann-Hilbert problem for m = 0, 

= -[Xj,iJi]ijZ\ (V.37) 

As the (pj-jS are holomorphic and nonsingular in X± on their respective domains, we expand 
them in powers of A4. on the intersection W+ fl W_ according to 



00 

/,0^ _ \±njO{n) 
n=0 



Furthermore, Eqs. (V.15) imply 



J)mA, _ y ,m(0) _ _y ,m(l) y ,m(0) 



(V.39) 



and similarly for 

Upon substituting the expansions (V.38) into (V.36), we find the following splitting 
of (p'^^.j into (p'^f 



00 m—l 

f _l_\m \±m j^O I lf-^\Tn 

^±1 — 2 



n=0 n=0 
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Recall that solutions to the Riemann-Hilbert problem are not unique. For instance, we 
could have added to (p^i any smooth function which does not depend on \±. But at the 
same time we had to add the same function to </)™j, as well. However, we have learned 
that such shifts of "zero-modes" will eventually result in gauge transformations. As we are 
not interested in such trivial symmetries, solution (V.40) turns out to be the appropriate 
choice. Note that for m = 0, Eq. (V.40) is an identity. Expanding the functions in 
powers of A+, we obtain for m > 




for = 

. (V.41) 

for > 



Note that (p^^ = for all > 0. Combining these expressions with the transfor- 
mation laws (V.39), we have thus given the action of 5^ on Aaa and respectively. 
Furthermore, by Thm. V.2. we know that the satisfy 

W.^"}] = |///'(^r" + (-)"^x"''') (V.42) 

modulo gauge transformations. For an explicit derivation, see also Ref. [269]. Following 
the discussion subsequent to (V.32), we eventually arrive at 

[Ar,A}] = fi/A^+^, (V.43) 

for all m, n > modulo gauge transformations. Altogether, we have thus obtained an 
infinite-dimensional affine symmetry algebra in AT-extended self-dual SYM theory, which 
is the analytic half of the affine Lie algebra 5u(r). 

§V.6 Virasoro-type symmetries. Let us now discuss affine extensions of superconfor- 
mal symmetries. However, we first need some preliminaries. The superconformal group 
for A/" 7^ 4 is locally isomorphic to a real form of the super matrix group SU{4\JV). 
In the case of maximal Af = 4 supersymmetries, the supergroup SU{4\A) is not semi- 
simple and the superconformal group is considered to be a real form of the semi-simple 
part PSU{4\4) C SU{4\4). The generators of the superconformal group are the trans- 
lation generators Paa, Qia and Q^, the dilatation generator D, the generators of special 
conformal transformations Kaa, K^°' and K°', the rotation generators Jap and J^^, the 
generators Rl of the R-symmetry and the generator of the axial symmetry A. The latter 
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(V.44) 



one is absent in the case of maximal A/" = 4 supersjTiimetries. The superconformal algebra 
then takes the following form: 

[Jali.Qi-y] = — |e7(aQj/3), [Qi(3,K°'"] = —\5'^K°', 

[Jaf3,K^''] = ^^S{aSp-^K^'^ , [Jo/3, P^^] = — |e^(oP/3)^, 

where, as before, parentheses mean normalized symmetrization of the enclosed indices. 
As is well known, there is a representation of this algebra in terms of vector fields on the 
anti-chiral superspace R^'^-^ according to 



p . 

aa 


— (9^- O — -2r)"(9^. 

'^aai ^la ^'li ^aai 


Qa 


= 




D 


^aa 2 '« ai 








j^aa 


— i^x^ u^^ -t- //j C^J, 








j^ia 


_ \ aap.i jy-a _ Pi aap^R , 
— 2-^R ^cf — 'li l-^R '-'alB 






Jaf} 


— Ir'^'^fT , f)^ 7- . — 1 / 
~ 2 R *^7(a^/3)ci' a/S ~ 2 \ 


a^f 


■d^- + 






= V?di-^6lv^dl A = 


2 11 a 







(V.45) 



Infinitesimal transformations of the components Aaa and A''^ of the gauge potential 
under the action of the superconformal group are given by 

SNjAaa = ^NiAaa and S^jA'^ = Cn^A^, (V.46) 

where Nj = Nj"'d^^ + Nf^d}^ is any generator of the superconformal group, and Cnj is 
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the Lie derivative^ along the vector field Nj. Explicitly, Eqs. (V.46) read as 

Cr^.Al = NjAl + i-rA^^dl^Nf + A'^d^N?^. 

It is not too difficult to show that for any generator Nj as given in (V.45), the transfor- 
mations (V.46) together with (V.47) give a symmetry of the jV-extended self-dual SYM 
equations (11.17). 

So far, we have given the action of the superconformal group on the components of the 
gauge potential on Euclidean superspace. The linear system (11.49) is, however, defined 
on the supertwistor space "P^l-^. Therefore, the question is how to lift the action of the 
superconformal group to supertwistor space but at the same time preserving the linear 
system (11.49). The answer is at hand. By our discussion given in Sec. V.l, we have to 
preserve the complex structure on P^l-'^. Recall the diffeomorphism V^^-'^ = IR'^I^-'^ x S'^. 
Complex structures on the body ]R^'° of IR'^I^-'^ are parametrized by a two-sphere S'^ = 
SO{A) /U{2). The latter can be viewed as the complex projective line CP^ parametrized 
by the coordinates X±. Then a complex structure J = {>Jaa K.^'^, compatible with 

(1.75) and (1.79), is given by 

= -i7±5f(A^A^ + Ay^), (V.48) 

where 7± = (1 + A±A±)^^. Notice that in the present case the corresponding Kahler two- 
form u is anti-self-dual, i.e., its components are of the form uj^^^p = ^apJap- If had 
chosen the A/'-extended anti-self-dual SYM equations from the very beginning, the Kahler 
form would have been self-dual. On the two-sphere S'^ which parametrizes the different 
complex structures of R^'*^, we introduce the standard complex structure Z which, for 
instance, on the f/+ patch is given by ^y^^^ = i = ~^x+^ ■ Thus, the complex structure 
on the body R''''^ x 5^ of supertwistor space 'P^l-'^ can be taken as J = (JT", 5). 

^Note that the Lie derivative is defined as in the purely even setting. In particular, Cxf ■— Xf 
and CxY := [X,Y}, where / is some local function and X,Y are local vector fields. Furthermore, one 
requires that Cx commutes with the contraction operator. For any differential one-form oj = dZ^oji, one 
may readily verify the following result: 

Y^jCxuj = i-)P''P^X{Y^ij) + [Y,X}^u;. 

Letting Y he dj ~ d/dZ^ , one sets {Cxoj)i '■= Cx^^i '■= {~)p^P' djjCx^- The extra sign has been chosen 
for convenience. 
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Having introduced a complex structure on the even part ]R^'° x S'^ of R^'^-'^ x S"^, we 
need to extend the above discussion to the full supertwistor space. In order to define a 
complex structure on R^l^-^ x S*^, recall that only an even amount of supersymmetries is 
possible, i.e., A/" = 0,2 or 4. Our particular choice of the symplectic Majorana condition 
induced by (1.78) allows us to introduce a complex structure on the odd part R^'^-'^ similar 
to (V.48), that is, 

Jf;' = -il±Sl{XfXi + XiXp. (V.49) 

Therefore, J = {J', J, 3) will be the proper choice of a complex structure^ on supertwistor 
space. 

We can now answer the initial question: the generators Nj given by (V.45) of the 
superconformal group should be lifted to vector fields Nj = Nf^d^a + Nfidi + N^^dx^ + 
Nj^dx^ on supertwistor space such that the Lie derivative of the complex structure J 
along the lifted vector fields Nj vanishes, i.e., 

Cf^^J = 0. (V.50) 

Letting J^'^ = ^(A^A^ + A^A^), we can write (V.50) explicitly as 

2 iV, J-/ + J,-d^,Nf - Jpd^,Nr = 0, 

Js'd.aNi,-J^'d^,Ni = 0, 

jJd\Nf-J-y'dlNf = 0, 

NijJ - i-rJ^'^N^ + i-Y'J.'d'.Ni = 0, 

whereas the equations involving ^ imply that the components A'^^''' and A^^* are holomor- 
phic in X± and X±, respectively. The final expressions for the generators (V.45) lifted to 
supertwistor space V^^^ and obeying (V.51) are 

Pact Paai Qia Qiai Qa Qai 

D = D, 

j^aa ^ /s:"" + la;°^Z>, K''^ = K'" , Kf = /s:f + r/fZ>, (V.52) 
M = 4. A = A, 



(V.51) 



^Clearly, this choice of the complex structure docs not exhaust the space of all admissible complex 
structures. However, in the present case it is enough to restrict ourselves to this class of complex struc- 
tures. For more details, see [269]. 
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where 

:= ±A^A|9,,±A^A|9x,. (V.53) 

Now we can give the infinitesimal transformation of ip = G ^) which 

participates in (11.49) 

= = iV,^±, (V.54) 

where Nj is any of the generators given in (V.52). It is a straightforward exercise to verify 
explicitly that the linear system (11.49) is invariant under the transformations (V.46) and 
(V.54). 

Having collected all necessary ingredients, we can now start with constructing affine 
symmetry algebras related to superconformal symmetries. In order to keep formulas 
simple, we shall in the remainder of this section work in the complexified gauge algebra, 
that is, we drop the last point from the list given at the beginning of Sec. V.l. It should 
be stressed, however, that the subsequent derivation can be modified for a real gauge 
algebra without any problems. Let Nj be any vector field of (V.52), with 

[Ni,Nj} = fi/NK. (V.55) 

where the fij^s are the structure constants of the superconformal group. Then we define 
the following perturbation of / = {/+_}: 

6Tf+- := X+NjU_ for m G Nq. (V.56) 

Note that the antiholomorphic A-derivative appearing in Nj drops out as /+_ is holomor- 
phic. Therefore, Eq. (V.56) defines a zero-cochain x = {x+iX~} ^ (^"(il, T'P^'-'^) given 
by^ 

X+ = A+iy/l-rpsiA- and X- = 0. 
Furthermore, one may readily check that 

K^^l] = [fu'' + ngi5^ -{-Y^^-'mgj5f)5T'' (V.57) 
upon action on /+_. Here, we have introduced the shorthand notation 

gj := X-'N^+. (V.58) 

^Note that for a real gauge algebra, X- would not be zero but instead be given by X- = te{x+)j 
where te represents the antiholomorphic involution (1.75) corresponding to Euclidean signature. 
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Generally speaking, (V.57) can be seen as a centerless Kac-Moody-Virasoro-type algebra. 

Next we need to find the action of 5™ the components Aaa and A^^. The derivation 
(V.36) gets modified according to 



where this time 



^-T-, = = A™</)° , - A';>° „ (V.59) 



AO _ _(Ar^^^)^-i + (Ar,V;+)^;iU^=o. (V.60) 



Clearly, the second term of this expression is A-independent, i.e., it belongs to H^{V^^^ , Lie ^). 
In fact, we have simply shifted all the "zero- modes" into Recall that such shifts are 
always possible and eventually result in gauge transformations. Upon substituting (V.60) 
into (V.15) and using Eq. (V.38), we find'' 

= -V.,0°T + V.,/J? = 0, 

since 0°^°'' = 0. Similar expressions hold for A''^. Eq. (V.59) yields, after expanding 
in powers of X± and comparing with 0^.^, the following coefficient functions: 

lor 77/ —— 



iO(n—m) iO(m—n) r ^ n 

' — (p_j ' for n > 



Note that (f^^j = for > 0. These coefficients together with the integral formulas 
(V.15) give the action of 5^ on Aaa and A^^ according to 

STAa2 = -V.i0!^l^^ + Va2<P'T = 0, 

and similarly for ^4^. 

Next we are interested in the underlying algebraic structure. Thm. V.2. is not di- 
rectly applicable, as we now have to deal with structure functions. Recall that the gjs 
appearing in (V.57) are holomorphic functions on nW_. However, there are only minor 
modifications to be made. In proving Thm. V.2., we have introduced the functions 
Their difference is now given by 

= C,j^(0™i"-0!^r), (V.64) 



^Note that 5j is a composition of a supcrconformal and a particular gauge transformation. 
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where 

Cu"" := fu"" + ngi5^ -{-r^^mgjSf. (V.65) 

In order to determine one expands both sides of Eq. (V.64) in powers of A+ and 

compares coefficients. We are only interested in Tl^^f^ and S^"^ ^ , as they determine the 
action of [5™, 5}} onto the components of the gauge potential. We find 

y^mn(O) _ ^ i^(0) ,m+n(0) ^ K{^1) ,m+n{l) ^ K{-X) ,m+n{\) 

^±IJ - '-'I J 'P±K +^IJ <P±K -^IJ (P+K ' rVfifi^l 

^mn(l) _ ^ K{±l)f,m+n{0) J,'»+"-(0) N , ^ K{0)jm+n{l) ^ i^(l),m+n(2) ' 

where Cu^ = X]fc=-i ^XCjj^^^^ has been inserted. Note that last term in the first line 
represents again a gauge transformation. It has been adjusted such that Tl^^f^ = 0. By 
virtue of (V.15) and (V.62), we finally arrive at 

kt^i (V.67) 

and similarly for In deriving this result, the explicit dependence of Cjj^ on m and 
n has been used. Obviously, the algebra closes if and only if the coefficient functions are 
independent of (x^°,?7f) - a fact which we have already encountered at the end of Sec. 
V.l. Therefore, we are left with only a subalgebra of the superconformal algebra. Indeed, 
we need to exclude the generators K°"^ and i^f of special conformal transformations. Let 
us consider the maximal subalgebra of the superconformal algebra which contains neither 
j^aa j^Qj, Furthermore, let hjj^ denote the corresponding structure constants. Then 
we end up with 

1 

= /^/j^'^r" + E H'^^^ - i-r'-'^af'^^f) ^r"^', (v.es) 
fc=-i 

where gi = X]I=-i ^Xdf^ is the expansion of gi defined in (V.58). 
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In Refs. [169, 241, 170, 4, 171, 127] it was shown that a solution to the self-dual YM 
equations can be embedded into an infinite-parameter family of new solutions by moving 
it along commuting fiows of a so-called self-dual YM hierarchy. The lowest generators 
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of the latter are the generators of space-time translations. Putting it differently, the 
self-dual YM hierarchy describes infinitely many Abelian symmetries of the self-dual YM 
equations associated with translational symmetries. Our next topic is the generalization 
of these ideas to the self-dual SYM equations. For the sake of clarity, we shall again work 
in a complex setting, that is, we consider the double fibration (11.9). If desired, reality 
conditions can be imposed. 

§V.7 Generalized supertwistor space. Consider the Abelian subalgebra of the su- 
perconformal algebra which is spanned by the translation generators Paa and Q\. On 
supertwistor space, we may use the coordinates 2;^ = x^"A^, vr^ = and rff = ?7°A^. 
Expressing the generators Paa and Q]^ in terms of these coordinates, we obtain 

= vrj A and Ql = vr^^, (V.69) 

when acting on holomorphic functions of (z^, vr^, rjf) on P^l^. Then we may define local 
holomorphic vector fields Paa,...a^^ and Q'±ai-a„^ by 

~ d d 

PX-a^^ ■= and QU-«n, ■= (V-70) 

for ma-iUi G N. Clearly, the vector fields Paai-am ^"^^ Q^±ai-an totally symmetric 
under an exchange of their dotted indices. As before, we define a perturbation of the 
transition function / = {/+-} of a smoothly trivial holomorphic vector bundle £ "p^W 
which is trivial along CP^^ ,^ ^ p-^W according to*^ 

/+_ ^ and /+_ ^ Q^„^...^„7+- (V.71) 

Next one could pull back /' = f+Sf to the correspondence space and solve the correspond- 
ing infinitesimal Riemann-Hilbert problem (which we have already done in the preceding 
section) to construct the symmetry transformations of the components Aaa and of the 
gauge potential. We shall, however, proceed differently and instead consider the following 
dynamical system: 

9 f _ s: f _ ± ± ^ f 

d d ^ ^^-^2) 

P ej r lb ± f 

Q^ai-an^ J+- ~ ^ai-anj+- ~ '^ai ' ' ' ^An- /+-' 



^Clearly, such a deformation does not preserve the reahty eondition (■ • • ) = [f^ ('''£;(• • • ))]^- See 

also footnote 6. 
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where and are parameters. These equations can easily be solved. In 

fact, the solution to (V.72) reads as 

/+- = /+44 + t""^---"™'^At---At,,7r^ = A^,r/f + C---"-Aj---At^). (V.73) 

Note that any point of C^'^^^ can be obtained by a shift of the origin and hence we may 
put, without loss of generality, x'^ and r]" to zero. Therefore, (V.73) simplifies to 

/+- = /+4^""^---"'""At---At,,A^,C---"-At---AtJ, (V.74) 

where now 



are interpreted as coordinates on the anti-chiral superspace C^'^-^ whereas the others are 
additional moduli sometimes also referred to as "higher times" . 
For finite sums in (V.74), ma,ni < oo, the polynomials 



can be regarded as holomorphic sections of the bundle 

AT 



Ccpi(^i)©(^cpi(^«2)©0nOcpi(^i) ^ CP^ (V.76) 



i=l 



In the following, we shall call this space generalized supertwistor space and denote it 
'^mfm2|ni nj^- ^otc that it cau be understood as an open subset in the weighted 
projective superspace pyCP^I-'^[mi, m2, 1, II'T'I, . . . , nj^^ 

r?ii,m2|ni,...,nj\^ 

= iyCP=^l-^[mi, m2, 1, l|ni, . . . , nA^] \ VTCP^I-^fmi, majni, . . . , nA^]- 

See also our discussion presented in Sec. II. 3. Thus, iyCP^I-'^[mi, m2, 1, . . . ■,'ri]^[\ is 
a compactified version of "P^^^^i^^ Moreover, for the particular combination 

mi + m2 - (rii H V nj^) + 2 = 0, 

it becomes a formal Calabi-Yau supermanifold. As we shall discuss in detail below, 
(V.74) can then be interpreted as transition function of a holomorphic vector bundle £ 
over P I 
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§V.8 Penrose- Ward transform. Like supertwistor space, also generalized supertwistor 
space is a part of a double fibration. For notational convenience, let us denote the 
generalized supertwistor space by Pm^- Furthermore, if°(CP^,Pm^) — C*^'^, where 
M := mi + m2 + 2 and N := ni + ■ ■ ■ + nj\f + 2J\f . Then we find 

^M+l\N 

T^i/ (V.77) 

where the correspondence space is again a direct product J-^+^l^ = C^^l^ x CP\ The 
natural choice of coordinates on J^^^^^^ is 

(xr-'''"",A^,r/r-''"0- (V.78) 

Generalized supertwistor space V'^ can be covered by two coordinate patches, ii = 
{U+,U^}, and equipped with local coordinates (z^, z'^,r]f). On the intersection fl W_, 
they are related by 

11 1 

Hence, the projections vti and 112 in the fibration (V.77) act as follows: 

By virtue of these projections, we obtain the following proposition: 

Proposition V.l. There exist the following geometric correspondences: 

(i) potntptnV'^i ^ Cf -'l^^--^ m C*^l^ 

(ii) <CP^^^^^V?tn " poznt{xR,7]) m€^'\^ 

Let £^ be a rank r holomorphic vector bundle over Vm^ and ttIS be the pull-back of S to 
the correspondence space .F^'+^l^. The covering of the latter is denoted by it = 
These bundles are defined by transition functions^ / = {/+-} which are annihilated by 
the vector fields 

Daa,-a^^^r = ^±9^{aai-ar.^^^) ^ud D'^^^,„^^^_^ = A° (V.81) 



a acti- 
% — ^R 






vt = 




(V.80) 








■^R ' 


1^ )• 





^Here, we again use the same letter / for both bundles. 
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as they freely generate the relative tangent sheaf {Q^ {J^^'^^^^ ) / nlQ^ {Vm'')n))* ■ The deriva- 
tives d^f- ■ N and d}- ■ are defined according to 



and can be understood as generalizations of (III.6). 

The requirement of smooth trivi 
transition function /+_ according to 



The requirement of smooth triviality of the bundle £ — > Vm^ allows us to split the 



/+- = (V.83) 

whereas C^^' ^-triviality ensures that there exists a. = {i^+yi^-} which belongs to 
C°(il, ^). Therefore, we may introduce a Lie- algebra valued one- form such that 

and therefore 

(-^CKil---Om^_i + •^aoi---(im^_i)V'± — 0, (V 85) 

We note that for rria = rij = 1 this system reduces, of course, to the old one given by 
(11.16). Moreover, we have the following symmetry properties 

•^aaai--a,n^-i = ■Aao{di ■••a„„ _i) ^ud •^aai-an--i ~ '^a(Q:i---ci„^_i) • (V.86) 

The compatibility conditions for (V.85) read as 

\D^- ■ . D^ - ■ 1 + \D^- ■ ■ 1 = 

i^'aa^---a^^^^y + [D^^,.^^^^^ = 0, (V.87) 

Here, we have defined the first order differential operators 



n« ■= f)"- -A- A 

n* •= (9* + 



(V.88) 
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We remark that the components 



A, 



and 



A\, 



coincide with the components Aaa and A^^ of the gauge potential on C'^'^-'^. In the sequel, 
we shall refer to (V.87) as the truncated A/'-extended self-dual SYM hierarchy of level 
(mi, m2 1 Til, . . . , n_v). The full hierarchy is then obtained by taking the limit m^, rij — oo. 
From Eqs. (V.84) it follows that 



where ^ = {A+ G CP^ | |A+| = 1}. As in the previous discussion, Eqs. (V.89) make the 
Penrose- Ward transform explicit. 

§V.9 Field expansions and field equations. So far, we have written down the trun- 
cated self-dual SYM hierarchies (V.87) quite abstractly as compatibility conditions of a 
linear system. The next step in our discussion is to construct the equations of motion 
on superfield level equivalent to (V.87). To do this, we need to identify the field content. 
At first sight, we expect to find as fundamental field content (in a covariant formulation) 
the field content of A/'-extended self-dual SYM theory plus a tower of additional fields 
depending on the parameters and n^. However, as we shortly realize, this will not 
entirely be true. For > 1, we instead find that certain combinations of A^^^^...^^ _^ play 
the role of potentials for a lot of the naively expected fields, such that those combinations 
should be regarded as fundamental fields. 

In the remainder of this paragraph, we shall for simplicity consider the case when 
mi = 1712 ='■ m and rii = ■ ■ ■ = rij^ =: n. To simplify the subsequent formulas, let us also 
introduce a shorthand index notation 




(V.89) 



A. 




and 




A' 



(V.90) 



First, we point out that Eqs. (V.87) can concisely be rewritten as 








(V.91) 



{Dl Dj} + {Dl, Di} = 0, 
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which translates to the foUowing superfield definitions 



{DlDj} := e^^W''. 



Note that quite generally we have 



(V.93) 



where 



f ■ ■ ■— ^1c°'Pt 



laA/SB ■~ ctaApfiBi 
faAfiB ■~ 2^ ^-^aaAppB-: (V.94) 

Eq. (V.93) can be simplified further to 

-^aaAppB = ^apfaApiS ~^ ^apfa{A^B)~^ ^{aa[Ap)pBY (V.95) 

Therefore, the first equation of (V.92) implies that 

fa{ApB) = and = 0, (V.96) 

which are the first two of the superfield equations of motion. We point out that for the 
choice A = B = {1- ■ -1) the set (V.96) represents nothing but the self-dual YM equations. 
Next we consider the Bianchi identity for the triple (D^^^, D^, D^^^). We find 

DiLA0 = DI^AX'.B- (V-97) 
From this equation we deduce another two field equations, 

^'''Dl^iAxU = Dl^^^x',)^^ = 0. (V.98) 
The Bianchi identity for (Z^^^^, Dj^, D;^) implies 

D^aW'' = Dixi^. (V.99) 

Applying D^-- to (V.99), we obtain upon (anti)symmetrization the following two equa- 
tions of motion: 

2 aa(A I3I3B) LAq,(^?a^b)J ) (V 100) 

2*= ^{aa[A^ 13)13 BY ^ ^ L A(„[^! A^)^] / 
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Furthermore, the Bianchi identity for the combination (-D^, -D^, D^^) shows that D^^W'^^ 
determines a superfield which is totally antisymmetric in the indices UK, i.e., 

DiW" =: Ixlf"". (V.lOl) 
Upon acting on both sides by D^. , and contracting the dotted indices, we obtain the 



field equation for 



actA 

UK 



- xl\] = 0. (V.102) 



The application of Dj^ to x^'^^ and symmetrization in a and /3 leads by virtue of (V.lOl) 
to a new superfield which is totally antisymmetric in IJKL, 

DUxif' =: -G^^^ (V.103) 

Some algebraic manipulations show that 

Dixf = ^Wt^^^'t = -Gir + 3e.,[TV^[^I^"^l], (V.104) 

where equation (V.lOl) and the definition (V.103) have been used. From this equation, 
the equation of motion for the superfield G^^^^ can readily be derived. We obtain 

^"^^^.A^Jf " - 4{xi^^, Xf"'} - ^fM^''] = 0- (V.105) 

As (V.lOl) implies the existence of the superfield G^J^^^, definition (V.103) determines a 
new superfield ip^.j^^^^ being totally antisymmetric in IJKLM and totally symmetric in 
a$j, i.e., 

Dl,G^^^^^ =: ^g™. (V.106) 

It is easily shown that 

^«^/37 - ^3^«(/3^ ^5*^^-7) " (.V.IO^ 

After some tedious algebra, we obtain from (V.107) the formula 

^iS'f" = ^'iT" - h^i^ 4"'] + ^"'0 ' (V.108) 



where definition (V.106) has been substituted. This equation in turn implies the equation 
of motion for ih^.j,^^'^ , 

■i\-^a{l3A^^ '-^7) J 3 L*^*^ ■>^a{l3A^i) J ^' 
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which follows after a somewhat lengthy calculation. 

Now one can continue this procedure of defining superfields via the action of and 
of finding the corresponding equations of motion. Generically, the number of fields one 
obtains in this way is determined by the parameter n, i.e., the most one can get is 

which is, as before, totally antisymmetric in Ji ■ ■ ■ Jv„ and totally symmetric in di ■ ■ ■ d_Vn-2- 

Let us collect the superfield equations of motion for the A/'-extended self-dual truncated 
SYM hierarchy: 

fa{Al3B) = ^^'^ ^{aa[Al3)l3B] = 0' 

/ _ and = 0, 

aa{A'^pB) {aa\A'^^ p) B\ ' 

2^ ^{aa[A'^P)l3By^ ^ L A(q,[A' A/j)^] J 

^"'D;^AG'^'-^{x'l^^xf'''}-m'''',D;,AW'^'] = 0, 



(V.llO) 



/3ai--aAAn-3 aAai---aj^„^3 

where the currents J^^'.''^^" are determined in an obvious manner. Clearly, the system 
(V.llO) contains as a subset the A/'-extended self-dual SYM equations. In particular, for 
the choice m = n = 1 it reduces to the latter. Altogether, we have obtained the field 
content of A/'-extended self-dual SYM theory plus a number of additional fields together 
with their superfield equations of motion. 

However, as we have already indicated, this is not the end of the story. The system 
(V.llO), though describing the truncated hierarchy, contains a lot of redundant informa- 
tion. For that reason, it should not be regarded as the fundamental system displaying 
the truncated hierarchy. In fact, the use of the shorthand index notation (V.90) does not 
entirely reflect all of the possible index symmetry properties of the appearing superfields. 
In order to incorporate all possibilities, we instead need to write out the explicit form of 
/,J,K,.... 

As before, let us impose the transversal gauge condition 

= 0, (V.lll) 
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which again reduces super gauge transformations to ordinary ones. Note that in (V.lll) 
only _j) contributes, since the fermionic coordinates are totally symmetric under 

an exchange of their dotted indices. The condition (V.lll) then allows to define the 
recursion operator Qi according to 

""i-an-i _ aai-a„_ioi {\J \\'}\ 

■— Vi ^aai-a„-i " Vi Cl{aai-a„-i)- [W.LLZ) 

The third equation of (V.92) yields 



(V.113) 



which states that A^(^aai---a i) does not have a zeroth order component in the r^-expansion 
while A, . does. Therefore, we obtain as a fundamental superfield 

:= 2^;:.,. . for n>l. (V.114) 

Note that as 0^^...q,„_2 ~ *^(ai--a„_2) defines for each i a spin f — 1 superfield of odd 
parity. 

The second equation of (V.92) reads explicitly as 

rn* . n^. . . i = ^ ■ y* ■ ■ 

The contraction with e"°^ shows that 

^ai-d„_l/3/3i-/3™_i = -^/3(Qi/3i-/3„_i'^a2-an-l)' (V.115) 

where the symmetrization is only meant between the di ■ ■ ■ Therefore, the superfield 

Y*. aa a cauuot bc regarded as a fundamental field - the superfield (V.114) plays 

the role of a potential for the former. 

Next we discuss the superfield W^!' ■ ■ . To decide which combinations of it 

ai---a„_l /Jl---/^„-i 

are really fundamental, we need some preliminaries. Consider the index set 

di ■ ■ ■ d„/3i ■ ■ - /^n, 

which separately is totally symmetric in di ■ ■ ■ d„ and Pi - ■ ■ Pn, respectively. Then we 
have the useful formula 

di ■ ■ ■ cXriPi ■ ■ ■ $n = (tti ■ ■ ■ cXnPi ' ' ' Pn) + aH possible contractions 

= {ai- ■ -OinPl- ■ ■ Pn) + (V116) 



^1 ^ di ■ ■ ■ di ■ ■ ■ anPi ■■■Pj ■■■Pn + 
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where the parentheses denote, as before, symmetrization of the enclosed indices and "con- 
traction" means antisymmetrization in the respective index pair. The AiS for z = 1, . . . , 
are combinatorial coefficients, whose explicit form is not needed in the sequel. The proof 
of (V.116) is quite similar to the one of the Wick theorem and we thus leave it to the 
interested reader. 

The third equation of (V.92) is explicitly given by 

ID' \ = f W'^ 

After contraction with e"""^ we obtain 

where the definition (V.114) has been inserted. Contracting this equation with e"^^^, we 
get 

Thus, we conclude that W^.-' ,. a , ^ a is a composite field and hence not a fun- 

Qi---o„_2[an-i/3iJ/32---/3n-i 

damental one. Using formula (V.116), we may schematically write 

W'.^ . A A = Wy. . . . , + aU possible contractions. (V.119) 

The contraction terms in (V.119), however, solely consist of composite expressions due to 
(V.llS). Therefore, only the superfield 

■ , n ^ = ' • « « ^ (V-120) 

/3i---/3„-i) (oi---a„_i /3i---/3„_i) ^ ' 

is fundamental. For each combination [ij] it represents an even superfield with spin n — 1. 
Next we need to consider the superfield defined in (V.lOl), 

By extending the formula (V.116) to the index triple 

di ■ ■ ■ Pi - ■ ■ Pn-i 7i ■ ■ ■ 7n-l 
and by utilizing the symmetry properties of x^-^- ■ ^ i ■ ■ y oiis can show, by 

a Qi ■■•Q.n—l Pi """Pn— 1 Tl ■■"7n — 1 

virtue of the above arguments, that only the combination 

y'^'' ■ ■ = Y^'^^^ ■ ■ (V.121) 

-^(aoi-'-an-l /3i---/3„_l 7l---7„_l) (a ai---a„_i /3i 7i---7„_i) ^ ' 
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of Y*'''^ ■ ■ remains as a fundamental superfield. It defines for each Hjk] 

an odd superfield with spin |n — 1. 

Repeating this procedure, we deduce from the definition (V.103) that 



G'^''^ . . . . = G'l^-''^'] . . . . (V.122) 

{o/3qi---«„_i /3i---/3„_i 7i---7„_i <5i---5„_i) (o/3Q:i---a„_i /3i---/3„_i 7i---7„_i <5i---<5„_i) ^ ' 



is fundamental and it represents one^° spin 2n — l superfield which is even. All higher order 
fields, such as (V.106), yield no further fundamental fields due to the antisymmetrization 
of ijklm, etc. In summary, the fundamental field content of the truncated self-dual SYM 
hierarchies is given by 



[ijk] ^ ^ ^[ijki] ^ ^ ^ ^ y ■ ) 

-^{aai-'-cen-i /ji---/3„_i 7i---7„_i)' (a/3 (ii---o„_i /3i---/3,i_i 7i---7„_i 5i---(5„_i) ' 



where we assume that n > l}^ All other naively expected fields, which for instance appear 
in (V.llO), are composite expressions of the above fields. Note that the field Aaaai-a„-i 
can be decomposed according to 



Therefore, Aa(ai--an) can be interpreted as a gauge potential while ^aai---a„^2 represents 
a collection of Higgs fields. 

It remains to find the superfield equations of motion for the fields (V.123). This, 
however, is easily done since we have already derived (V.llO). By following the lines 
which led to (V.llO) and by taking into account the definition (V.114), the system (V.llO) 



10 



Note that TV < 4. 



-'^^For n = 1, the field (?!'^j^...q^_2 ^i^^t be replaced by Xo 
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reduces for n > 1 to 



^ ^ -^aa(ai--am-l-^/3/3/3r--/3„_i)^7i---7n-2 

nR nR = D 

-^(Q:a[(il-a„_i-^/3){^i/3i.../3„„i]V^72-7n-i) ^' 
^^(/32-/3„-l' "/5n«l-«™-l''^/3„+i-72„-2)J 

adQi-/3„_i'^(/3/3i.../33„_3) 

L''(/3i.../32„-2' a/32,.-iai-«m-l'^/32„-/33n-3)J 

r)R (^[ijkl] _|_ 

1 (/37/3l-/34n-4) 

1-R ^ijk] 



^ L a(/3iai...Q„_iV^/32-/3„_i' ^/3/3„-/34„-4)-' 

Q\W^'^ . D-f^. ly'"'! 1 = 

(/3i---/32n-2' a/3ai--am_i /32n-i--/34n-4)-' 



(V.125) 



These are the superfield equations of motion for the truncated A/'-extended self-dual SYM 
hierarchy. 

Above we have derived the superfield equations of motion. What remains is to show 
how the superfields (V.123) are expressed in terms of their zeroth order components 

°A •^l*-''^] /^fo'fc'] (\j 1 na\ 

v^Q:aai-a,„_l, </^ai...(i„_2 ) '''' (oi ...(i2„-2) ' ^{a^-oti^-iV ^(oi ■••Q4n-2) ' I^V.IZU; 



and furthermore that the field equations on (or on after reality conditions have been 
imposed), i.e., those equations which are obtained from the set (V.125) by projecting onto 
the zeroth order components (V.126) of the superfields (V.123), imply the compatibility 
conditions (V.91). We will, however, be not too explicit in showing this equivalence, since 
the argumentation goes along similar lines as those given for the A''-extended self-dual 
SYM equations. Here, we just want to give the outline. 

In order to write down the superfield expansions, remember that we have imposed the 
gauge (V.lll) which led to the recursion operator Qi according to (V.112). Using the 
formulas (V.92), (V.99), (V.lOl), (V.103), (V.106) and (V.115), we obtain the following 
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recursion relations: 

A ... — -f: .„/3/^l-/3n-l 7-)iJ 

-^''(di-a2„-2) 2 /fe ^/3(ai...d2n-2)/3i-/3„-i' 

(°l-<i4n-2) '^/3(Qi-a4n-2)/3l-/3n-l 



/3(ai'/m \^^L"/ji.../3„_;^a2...Q,„' A(i„^i...Q,4„_2)J 

An explanation of these formulas is in order. The right hand sides of Eqs. (V.127) depend 
not only on the fundamental fields (V.123) but also on composite expressions of those 
fields: For instance, consider the recursion relation of the field <P^ol^...o,„_2- The right hand 
side of this equation depends on the superfield W'^.-' a a • However, as we learned in 
(V.119), it can be rewritten as the fundamental field w]^^^ . a a . plus contraction 
terms which are of the form (V.118). Similar arguments hold for the other recursion 
relations. Therefore, the right hand sides of (V.127) can solely be written in terms of the 
fundamental fields. However, as these formulas in terms of the fundamental fields look 
rather messy, we refrain from writing them down. Note that the field W;'*-^'^'''" 
appearing in the last recursion relation consists only of composite expressions of the fields 
(V.118). Using Eqs. (V.127), one can now straightforwardly determine the superfield 
expansions by a successive application of the recursion operator since if one knows the 
expansions to n-th order in the fermionic coordinates, the recursions (V.127) yield them 
to next order. But again, this procedure will lead to both unenlightening and complicated 
looking expressions, so we do not present them here. Finally, the recursion operator can 
be used to show the equivalence between the field equations and the constraint equations 
(V.87). This can be done inductively, i.e., one first assumes that Eqs. (V.125) hold to 
n-th order in the fermionic coordinates, then one applies k + to (V.125), where /c G Nq 
is some properly chosen integer, and shows that they also hold to [n + l)-th order. For 
more details, see Ref. [269]. 
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§V.10 Light-cone gauge. Let us now give an alternative interpretation of the hierarchy 
equations. First, we rewrite the constraint equations (ILIT) of A/'-extended self-dual SYM 
theory in light-cone gauge. One of the interesting issues of this (non-covariant) gauge is 
that all the equations for all the fields reduce to equations on a single Lie-algebra valued 
superfield 

To be explicit, assume the following expansion 

i)+ = l + A+* + --- (V.128) 

on W+. Here, all A-dependence has been made explicit, i.e., \1/ is defined on C^'^-^. Note 
that the expansion (V.128) can be obtained from some general by performing the gauge 
transformation ip^ i— > Upon substituting (V.128) into (11.16), we obtain 

^ai = ^a2^, ^a2 = and A"^ = d^^ , ^ = 0. (V.129) 

Plugging (V.129) into the constraint equations (11.17), we find the following set of equa- 
tions: 

^11^22^ - 521^12^ + [^12*, ^22^] = 0, 

^1^.2* - d^idl^ + [dl^, = 0, (V.130) 

di&i^ + ffldi^ + {di^,di^} = 0. 
Let us now come back to the linear system (V.85) and the constraint equations (V.87) 
of the truncated self-dual SYM hierarchy. Upon imposing light-cone gauge, that is, upon 
assuming an expansion of the form 

^+ = l + A+\^ + -- - , (V.131) 

where now ^ is defined on C^^'^, we find 



A\. . = d\. . ^ and . = 0. 

Therefore, (V.87) turns into the following system: 

^aiQ:i-a,„„i^/32/3i-/3™_i^ ^ ^/3i/3i-/3„„i'9a2ai-a„_i ^ + 

+ [5.2c.,...^„._,^,5/32/3,..A„_,^] = 0, 
loi---a„_i p2pi---fjrn-i pJ-Pi---Pm-i 2ai---a,j_i 

+ [di.. . ^,5.2^ . ^1=0, 
d"- d^. ■■ + &'■■■ d' ^ + 



(V.132) 



(V.133) 



+ ^ 5^ ■ ^1 = 

^ 1^2ai...a„_i^'^2/3i.../3„_i J 
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Clearly, if \1' solely depends on space-time coordinates, i.e., is independent of "higher 
time moduli", all the extra fields disappear and the above system reduces to (V.130). 
If we define 

:= d^^,...^^^ and := d^,...^J, (V.134) 

the system (V.133) implies 

If one differentiates these equations with respect to the space-time coordinates, one realizes 
that the resulting equations coincide with the linearized versions of (V.130). Putting it 
differently, some equations of the self-dual SYM hierarchy can be interpreted as equations 
on symmetries for the self-dual SYM equations. 

§V.ll Summary. As for A/'-extended self-dual SYM theory, we may now summarize 
the above discussion as follows: 

Theorem V.3. There is a one-to-one correspondence between gauge equivalence classes 
of local solutions to the truncated JV -extended self-dual SYM hierarchy of level (mi, m2\ni, . . 
on four- dimensional space-time and equivalence classes of holomorphic vector bundles £ 
over generalized supertwistor space 'P'^rn2\ni nj^ which are smoothly trivial and holomor- 
phically trivial on any projective line <CPl „ ^ jy^l-'^ 

§V.12 Example. Let us now give an explicit example of a truncated hierarchy which 
also makes contact with our discussion presented in Sec. II. 3. Consider the truncated 
J\f = 2 self-dual SYM hierarchy of level (mi, m2|ni, 722) = (1,1|2,2). Its field equations 
are given by 

f^p = 0, 

e°^e"^Vf^V^^0^ = 0, (V.136) 

and follow from (V.125). The M = 2 self-dual SYM equations, which are the first three 
equations of (11.36) (with z,j = 1,2), are by construction a "subset" of (V.136). That is. 
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we apply to the last equation of (V.136) the operator and contract with e"^ to obtain 
Eq. (V.115) together with 

o o - o o 

a/S'rjR _ 1 a/B //S^rjR vyi? 

^ aa^ I3l3 — 2^al3^ ^ ^"7^/35 



imply 



/./3 = 0, 

e^^Vfj;,^ = 0, (V.137) 



These equations reduce to the J\f = 2 self-dual SYM equations when the dotted indices 
of xlta W^l^^' are chosen to be one. Note that as i,j run only from one to two, the last 
equation of (V.136) can be rewritten in the form 



/3 

e'^^e'^^Vf^V^^J^ = 0, (V.138) 
e"^Vf,G^,-6.,{0\Vf>} = 0, 

where we have defined an anti-self-dual differential two-form according to G-^ := eaW }. 
Note that these are exactly the field equations given in (11.75). Hence, (11.75) can be 
interpreted to describe the (1,1|2,2) hierarchy of A/" = 2 self-dual SYM theory. Recall 
also that in this case we have an appropriate action principle leading to (V.138). It is an 
interesting fact that even though it is not possible to write down an action functional of 
J\f = 2 self-dual SYM theory (P^l^ is not formally Calabi-Yau), it is possible to find one 
for a certain hierarchy thereof. 
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What remains is to give the nonlocal conservation laws associated with the symmetry 
transformations discussed above. In what follows, we use the ideas of [4]. 
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§V.13 Conserved nonlocal currents. The compatibility conditions of the linear sys- 
tem (11.16) can equivalently be written as 

[V^,Vj] = 0, [V^,Vy = and {n,Vi} = 0. (V.139) 

Recall further that 0+_ as given in (V.8) satisfies 

V^0+_ = and Vi0+- = 0, (V.140) 

where the covariant derivatives act in the adjoint representation. Then we may define 

J+- := tr{0+_(5^+} = tr{0+_V+0+}, (V.141) 

where SA^ = V^0+ is a symmetry of (V.139) given according to (V.12). Here,"tr" 
denotes the matrix trace. Notice that this expression is gauge invariant as both, and 
6A^ transform in the adjoint representation. Now it is a straightforward exercise to show 
that 

e"^\/+J+^ = 0. (V.142) 

Indeed, we have 

VaJ}- = tr{-[At,0+-]5^^}+tr{0+_V+<5^+} 

= tr {-[Ai, <P+.]6A;} + tr {v;6A^ - [SA^Ap - [A^SAp) } 
= tr{0+_V/5^+}+tr{-[^J,0+_](5^+} 

= v;jt. 

This allows us to associate with any symmetry transformation a conserved current ac- 
cording to 

Jaa := -^/dA+J+-A+, (V.143) 

since 

ff'^Jaa = (V.144) 

by virtue of Eq. (V.142). In (V.143), the contour ^ = {A+ G CP^ | |A+| = 1} encircles 
A+ = 0. It is important to stress that (V.143) is a superfield. Moreover, Eq. (V.143) can 
slightly be rewritten to get 

jaa = TT^ / dA+tr {0+_V+0+} A+, 

^""^ (V.145) 



2vri J<g 



dA+A+y+(tr{0+_0+}) 
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being more in spirit of Penrose's integral formulas. Recall also that due to Eqs. (V.41) 
and (V.62), certain combinations of the coefficients functions </)^^'"'' determine the explicit 
transformations 6Aaa and 6A}^ and hence contribute to the integrals (V.143) and (V.145), 
respectively. 

Finally, we stress that one may also associate currents with symmetries in the following 
way. Let T+_ be any g[(r, C)-valued function which is annihilated by V^, VJ^ and dx^}"^ 
Then it is not too difficult to see that 'ip+T ^_ipZ^ satisfies 



the covariant derivatives act in the adjoint representation. Therefore, we may take 




and 




(V.146) 




(V.147) 



which is conserved by the above reasoning. 
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See also our discussion given in §111.20. 
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In this thesis, we have reported on various aspects of supersymmetric gauge theories within 
the supertwistor approach. In particular, we first gave a detailed twistor description of 
A/'-extended self-dual SYM theory. We in addition discussed some related self-dual models 
which follow from self-dual SYM theory by suitable reductions. Their twistor formulation 
requires certain weighted projective superspaces as twistor manifolds. As we have shown, 
all these manifolds are formally Calabi-Yau thus being naturally equipped with globally 
well-defined holomorphic volume forms. This property enabled us to also present appropri- 
ate action functionals for these models. Besides four-dimensional self-dual models, we also 
discussed a dimensional reduction to three dimensions. As a result, we obtained certain 
supersymmetric Bogomolny models. In fact, we generalized Hitchin's twistor construc- 
tion of non-Abelian monopoles to a (maximally) supersymmetric setting. In addition, 
appropriate action principles on mini-supertwistor space and Cauchy-Riemann twistor 
space were given and shown to be equivalent to the action functional reproducing the 
field equations of the Bogomolny model. In connection to this, we were naturally led to 
the notion of Cauchy-Riemann supermanifolds and to partially hCS theory. Moreover, 
we discussed certain complex structure deformations on mini-supertwistor space. As a 
result, we obtained a supersymmetric Bogomolny model in three space-time dimensions 
with massive fermionic and scalar fields. Similar to the massless case, we also derived 
appropriate action principles on the twistor manifolds in question. We furthermore de- 
veloped novel solution generating techniques by studying infinitesimal deformations of 
vector bundles on mini-supertwistor and Cauchy-Riemann twistor spaces, respectively. 
The algorithms were then exemplified in the case where only fields with helicity ±1 and 
the Higgs field were nontrivial. As we argued, the corresponding Abelian configurations 
give rise to the Dirac monopole-antimonopole systems. The fifth chapter of this thesis 
was devoted to the studies of hidden symmetries of A/'-extended self-dual SYM theory. 
We first gave a detailed cohomological interpretation of hidden symmetries of self-dual 
SYM theory. We saw how general deformation algebras on the twistor side are mapped 
to corresponding symmetry algebras in self-dual SYM theory. Kac-Moody algebras as 
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affine extensions of internal symmetries were constructed. In addition, we discussed affine 
extensions of space-time symmetries, tliat is, we obtained an affinization of tlie supercon- 
formal algebra. Tlie algebra in question turned out to be of Kac-Moody-Virasoro-type. 
As was argued, the existence of such infinite-dimensional algebras of hidden nonlocal sym- 
metries originates from the fact that the full group of continuous transformations acting 
on the space of holomorphic vector bundles over supertwistor space is a semi-direct prod- 
uct of the group of local holomorphic automorphisms of the supertwistor space and of 
the group of one-cochains with respect to a certain covering with values in the sheaf of 
holomorphic maps of supertwistor space into the gauge group. Besides symmetry alge- 
bras, we constructed certain self-dual SYM hierarchies. The basis of this construction 
was a generalization of twistor space. As we saw, such a hierarchy consists of an infinite 
system of partial differential equations, where the self-dual SYM equations are embedded 
in. As was shown, the lowest level flows of the hierarchies in question represent super- 
translations. Indeed, the existence of such hierarchies allows us to embed a given solution 
into an infinite-parameter family of new solutions. Moreover, a detailed derivation of the 
field equations together with the corresponding superfield expansions for the truncated 
hierarchies was presented. 

However, there are certainly a lot of open issues and questions which deserve further 
investigations: 

• An obvious and challenging task is the generalization of the constructions given 
in Chap. V to the full SYM theory. In Chap. IV, we saw how solutions to the 
field equations of A/" = 3 SYM theory are related to certain holomorphic vector 
bundles over superambitwistor space In principle, the algorithms relating 

infinitesimal deformations of vector bundles over supertwistor space to symmetries 
being developed for self-dual SYM theory in Chap. V can also be applied to full 
Af = 3 SYM theory. This is basically because of the vanishing of appropriate 
cohomology groups. Furthermore, as a matter of fact, Thm. V.2. also applies to 
the full case which is due to the structural similarity of the corresponding linear 
system. Hence, once given a suitable deformation algebra (of Lie-algebra type) on 
the twistor side, one automatically has a hidden symmetry algebra in full A/" = 3 
SYM theory 13 

^■^ After having finished this thesis, an alternative approach of discussing hidden symmetries of TV = 4 
SYM theory in terms of integrable hierarchies has been proposed in [211]. 
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• Besides questions associated with symmetry transformations, etc., one in addition 
needs to write down the related conserved nonlocal currents and charges - not 
only as superfields but also in components. In Chap. V, we considered particular 
nonlocal conservation laws associated with any symmetry of the field equations. It is 
desirable, to generalize such constructions to the full A/" = 3 theory. Presumably, the 
construction of fermionic conserved currents^^, that is, currents obeying equations 
of the form -D*"jia = = -Df ^ill simplify the discussion, since with the help of 
those one may derive conservation laws of the form (9"°j„Q, = by way of 



However, to proceed further (also in view of passing to the quantum theory) and 
to clarify the physical significance of such currents, one clearly needs to find their 
superfield expansions. In addition, one should then compute the classical Poisson 
brackets among the corresponding charges. After passing to the quantum regime, a 
challenging task will be to make contact with the quantum symmetry algebras con- 
sidered in [83, 84]. Moreover, it would also be interesting to see how such quantum 
symmetry algebras fit into the context of twistor string theory [266] and how they 
can be understood within the recently proposed twistor approach to A/" = 4 SYM 
theory [57]. 

• Another issue also worthwhile to explore is the construction of hidden symmetry al- 
gebras and hierarchies of gravity theories, in particular of self-dual supergravity (see 
Ref. [233] for the case of maximal A/" = 8 supersymmetry).^^ By applying similar 
techniques as those presented in Chap. V, one will eventually obtain hidden infinite- 
dimensional symmetry algebras of the self-dual supergravity equations, generalizing 
the resuhs known for self-dual gravity See Refs. [59, 240, 187, 203, 130, 148, 87, 88], 
for instance. 

• Recall that it was conjectured by Ward [256, 257, 258] that all integrable models in 
less than four space-time dimensions can be obtained from self-dual YM theory in 
four dimensions. Examples are the nonlinear Schrodinger equation, the Korteweg- 
de Vries equation, the sine-Gordon model, etc. In particular, they all follow from 

"'^''See, e.g., [3] for such constructfons in ten-dimensional SYM theory. 

^^In [176]-[180], an extension of Penrose's nonhnear graviton construction [193] to a supersymmetric 
setting has been discussed. 
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the self-dual YM equations upon implementing suitable algebraic ansatze for the 
gauge potential followed by a dimensional reduction. In a similar spirit, the Ward 
conjecture can be "supersymmetrically" extended in order to derive the supersym- 
metric versions of the above-mentioned models. Therefore, it would be of interest to 
take the A/'-extended self-dual SYM hierarchy presented in Chap. V and to derive 
the corresponding super hierarchies of these integrable systems in less than four 
dimensions. 

• Finally, we address additional points for further investigations being related to non- 
commutative field theories. In [221], we (in collaboration with Christian Siimann) 
considered J\f = 4 SYM theory on a nonanticommutative superspace, that is, in- 
stead of C"*l" = (C™, acd(A*C")) we took C™'" = (C"*, Crcd(Cliff (C^))), where 
Cliff (C") denotes the Clifford algebra of C" 

{Vi, Vj} = ^Cij for i,j = l,...,n. 

Upon introducing an involution corresponding to Euclidean signature, we derived 
the superfield expansions and the field equations of deformed A/" = 4 SYM theory 
to first order in the deformation parameter h. In showing this, we proposed an 
extension of the Seiberg-Witten map [226] to superspace. Our derivation was based 
on the A/" = 4 formulation of the constraint system. Clearly, one may straightfor- 
wardly translate our results into the A/" = 3 formulation of A/" = 4 SYM theory. It 
would then be of interest to establish a nonanticommutative version of the superam- 
bitwistor correspondence. In particular, Eqs. (IV. 16) induce a nonanticommutative 
structure on superambitwistor space. In addition, generalizing the results of [174], 
it should in principle be possible to derive a corresponding action functional of de- 
formed A/" = 4 SYM theory which is still lacking. Moreover, splitting and dressing 
methods obtained from twistor theory have successfully been applied to the con- 
struction of solitons and instantons in noncommutative field theories. See, e.g., 
Refs. [149, 150, 151, 268, 118, 123, 152, 153, 86, 261]. It would also be interest- 
ing to see how the solution generating techniques as considered in, e.g.. Chap. Ill 
need to be generalized to noncommutative field theories. Partial results on that 
matter have already been given in [155]. In addition, the methods used in this 
thesis might also shed light on the question of hidden symmetries in noncommuta- 
tive/nonanticommutative field theories. 
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Z„ 

R 

M, N 
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TX 
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